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1 Differential Forms in Algebraic Topology

o Lectures: https://www.youtube.com/watch?v=96Nr-Aba3iIl&list=PLOZfZKhcOkiA149d8nmkY7DARwyjzHf10&ab_
channel=NCTSMathDivision

e Book: Differential Forms in Algebraic Topology by Loring W. Tu and Raoul Bott.

1.1 Lecture 1: De Rham Complex on R"

Def: a k-tensor on a vectpr space V is a k-linear function a.: V x---xV — R; a k-tensor is alternating if a(vg(l), s Vg (k) =
(=1)%"(Da(vy, ..., v1); Denote Ap(V) := {alternating k-tensors}.

Open subset U; tangent space T,(U);

Def: A k-form on U is an assignment to each p € U of an alternating k-tensor wy,: T,U x --- x T,U — R. lLe., a k-form
is a funtion w: U — U,y Ar(TU), s.t. wy € Ag(TU).


https://www.youtube.com/watch?v=96Nr-Aba3iI&list=PLQZfZKhc0kiA149d8nmkY7DARwyjzHfl0&ab_channel=NCTSMathDivision
https://www.youtube.com/watch?v=96Nr-Aba3iI&list=PLQZfZKhc0kiA149d8nmkY7DARwyjzHfl0&ab_channel=NCTSMathDivision

Def: let C>°(U) := {C* func f: U — R}. One form: For f € C*, define df to be the 1-form s.t. Vv € T,U,
(df)p: T,U = Rs.t. Yo € T,U, (df)p(v) = D, f, the directional derivative along v.

Usually v, = v'e; p; Dy f = v'04il, f, this means it is the handy to make the (formal) identification that e;, =
i.e. denote the basis of the vector as %

Then: what is da*? it is a 1-tensor: (dz*),: T,U — R, (dz*),(v) = Dy(z") = v;. So: dz’ is the 1-form on U that picks
out the ith component of a vector v € T,U at all p € U.

Def: The wedge product. If o € A,(V) and 8 € A;(V), then a A 8 € Ay (V), defined by (o A B)(v1,..e, Vitt) =
ﬁ ZUESk+1 sgn(0) (Vo (1)s s Vo (k) B(Voks1s s O (leti))-

Def: If o is a k-form and 8 an I-form on U, then (a A ), == a, A By, Vp € U.

Differential forms in terms of coordinates:

Def: dual space. If V is a vector space, then the dual Space VV := {linear functions f: V — R}.

Prop: {(dz'),,...,(dz™),} is the dual basis for (T,U)Y to {9s1|p, ..., Oun|p}. (Proof: the meaning of dx’ and 9,: has
been clarified above so we have (dz"),(0yip) = 85. )

Def. A 1-form w = a;dz? on U is smooth, or C’OO, if fall a; are C™ functions.

Theorem. (Multilinear Algebra) If al,...,a™ is a basis for 1tensors on V, then {a* A--- A i} < --- < iy} is a basis
for k-tensors on V.

Theorem. Every k-form w on U can be written uniquely as w € Zl§i1<-~<ik§n ailmikdacil Ao Adxt = ZI ardax’,
where T = (i1, ..., 1) with 1 <4y -+ < i < n.

Def. A k-form w = a;dz! is C if all a; are C* functions on U.

Notation: Q*(U) = {C> k-forms on U}.

Theorem. There exists a unique R-linear map d: Q*(U) — Q*T}(U), s.t. (1) d is an antiderivation (defined as
dwAT) =dw AT+ (1)WY Adr); (2) d-d =0, and (3) d: QV(U) — Q' (U) is the differential of a function. (It’s
simple to prove that Q°(U) = C*°(U).)

Therefore, there exists a sequence

Py

0
oz’

Q) Loty L. I onw) S o,

called the de Rham complex (a complex is a sequence of vector spaces where the adjacent maps compose to zero).
As dF o d*t1 =0, imd*~! C kerd*d*, so we can define:
Def: the de Rhan cohomology is defined as H*(U) = kerd* /imd*~! := Z*¥(U)/B*(U).

Example: calculate H*(R). 0 — Q°(R) LN QYR) — 0, where Q°(R) = C*°(R), and Q' (R) = {g(x)dx|g € C(R)}.

ZO%R) = {f € C®(R)|df = 0}, since df = f'(z)dz = 0 so f'(z) = 0, so f is constant, so Z°(R) = R; B°(R) = 0, so
H°(R) = R. Then, ZY(R) = {g(z)dz} ~ C*(R); BY(R) = {df = f'(x)dx|f € C°>°(U)}, since any C*° function is the
derivative of some C* function, so Z* = B!, H}(R) = 0.

1.2 Lecture 2: Compact supports, manifolds

Def: A k-form w is closed if dw = 0; w is ezact if w = dr for some 7 € Q*—1(U).

Compact support:

Def. The zero set of a k-form w on U (an open set of R") is Z(w) = {p € Ulw, = 0}; The support of w is
supp(w) = Closurey (U\Z(w)).

Def QF(U) := {C> k-forms with compact support in U}.

Proposition. d is support-decreasing: for w € QF(U), supp(dw) C supp(w). (Let p € supp(w)©. since the support is
closed by definition, there exists a neighborhood V of p s.t. V' C (suppw)®. Therefore w =0 on V. Hence dw =0 on V,
so p & supp(dw).)

Corollary. If w € QF(U), has compact support, so does dw. (Use the knowledge from point set topology that a closed
subset of a compact set is compact.)

So can talk about

Q) Lolw) L. I onw) o,

Def: the de Rham cohomology with compact support is defined as H*(U) := Z*(U)/B*(U).
Def A 0-th tensor on V is a constant, Ag(V) = R. Thus Q°(U) = {C*® 0-forms on U} = C>=(U).

Example: calculate H(R). 0 — Q%(R) 2, QL(R) — 0, where Q2(R) = C°(R)

Z9R) = {f € C>*(R)|df = f'(z)dx = 0}, so f'(x) = 0 and f is a constant function that’s equal to zero, so Z2(R) = 0,
and H?(R) = 0.

2R = {alakle = 9 € CZE)ds = 0) = (se)do), BUB) = {[a)il] € CX@), 1 ofe) = [0, then
[, g(@)dz = 0. Then: suppose [*_g(z)dz =0, find f(x) with compact support s.t. g(z) = f'(z). f(z) = f ( )du
(Then: prove that ker [* = B}(R), and by 1st isomorphism of linear algebra, we have Z'(R) /ker [*° = f



R deg 0 . ] 0 deg0
0 degl » Hi(R) = {R deg 1
eventually become the Poincaré duality.

To summarize: H*(R) = We already noticed some “duality”. This will

Definition (Manifold). A topological manifold (or manifold for short) is a locally Euclidean (for all p € M, 3 a
neighborhood U and a homeomorphism ¢: U — ¢(U) C R™; chat = (U, ¢), charts (U, ¢) and (V, ) are C*>°-compatible
iff pop L p(UNV) = d(UNV),and pogp=t: (UNV) — »(UNV) are C; an atlas is {(U, ¢)}, i.e. a collection of
C*°-compatible charts that cover M ); Hausdorff, 2nd countable, topological space M.

[Intuitive understanding of manifolds: “(1) transition function has to be C*°; (2) Haussdorf: can separate points with
open sets. this tells that we must have enough open sets to separate points, i.e. the topology cannot be too small; (3) 2nd
countable: must have a basis that’s countable; it means that the topology is not too big. For manifolds: the topology is not
too big and not too small!”]

Def. A C*° manifold is a topological manifold M together with a maximal atlas.

Def: Tangent space: T,M = vector space spanned by O,1]p, ..., On|p.

Def: A k-form on a manifold is an asignment to each point p of the manifold, an alternating k-tensor on the tangent
space at p.

Then, we can define H*(M), and HE(M).

1.3 Lecture 3: Diffeomorphism invariance, exat sequences

Pullback under C™ map: ¥ o F o ¢~ ! is C* map.

The pullback F*: QF(M) — QF(N) is defined so that (1) for g € Q°(M), F*(g) = go F; (2) F* commutes with +, -,
A, d; (3) (FoG)" =G*o F*.

If w € QF(M), then on a chart (V,y!,...,y"), w = > ardy’, F*w = (F*a;)(dF*y’) = (a; o F)dF'.

Pullback in cohomology:

Proposition: F* takes closed forms to closed forms and exact forms to exact forms.

In principle we write the induced map on cohomology as F#: but we’ll also use F* in place of F#.

Theorem: A diffeomorphism F': N — M induces an isomorphism F*: H*(M) — H*(N).

The pullback of w € QF(M) need not have compact support. (must have compact support if it is deffeomorphism.)

Exact sequences of vector spaces

Exact sequences of cochain complexes:

Def: a cochain complex (differential complex) is a sequence of vector spaces and linear maps C: --- — Cck-1 di—_1>
Ck Ly Ok st dpody_y =0 Vk € Z (so that imd,_; C kerdy,).
Def: H*(C) = Xerdi

imdk,1 :
Def: a cochain map ¢: A — B is a collection ¢ : A¥ — B of linear maps s.t. ¢j41 0dy, = d), 0 Vk, i.e. it makes the
following diagram commutative:

di— d
%Ak_l ;)Ak *k>Ak+1 - s ...

J{sﬁkf 1 Jka J{sﬁk+1
’

_ d)
— k—1 :
RN L =Ly LR Ny T RN

[In later lectures quite often we will need to show the existence of a cochain map (. Then the essence is to show that we
have a commutative relation dp = ¢d.]

Def: Z¥(C) = {c € C*|dc = 0}, B¥(C) = {c € C*|c = d¢’ for some ¢’ € Ck~1}.

A cochain map ¢: A — B induces a linear map ¢*: H*(A) — H*(B).

Def: A short exact sequence of cochain complexes: 0 — A 4 B2y ¢ = 0 where i, j are cochain maps, is a sequence
of linear maps s.t. Vk € Z, 0 — A* 4 B¥ 2y 0% - 0 is a short exact sequence of vector spaces.

In the next lecture we will show that a short exact sequence of cochain complexes 0 — A 4 B2 ¢ = 0 induces a

long exact sequence in cohomology: --- — H¥(A) N H*(B) EMN Hk(C) LN HEFL(A) — -

1.4 Lecture 4: Zig-Zag Lemma, Mayer—Vietoris Sequence

Theorem (Zig-zag lemma). An exact sequence of cochain complex and cochain maps

0sAL5BL oS0



induces a long exact sequence

s HRA) S 5E(BY L R O) L HEL(A) -

Constructing the connecting homomorphism:

(k + 2)th row 0
d
(k + 1)th row a—s db —2 0
d dT
kth row b— ¢

Step: start with [¢] € H*(C), we have dc = 0. Also, because 0 — A LBLCo—o0is exact, so j: B¥ — C* is onto, so

there exists b € B¥ s.t. b L ¢ % 0. Also, we have b — db which belongs to B* 4, B¥+1. Note that jdb = 0 € C**1 due
to the commutative square of B**1 C¥*+1 Bk and C*. Then db € ker(j: B*' — C**! 5o there 3 a € A**! s.t. ia = db.
Note that a € A¥+1 is unique as i is injective. Finally, we need to show that da = 0: this is true as ida = d(ia) = d(db) = 0,
and that ¢ is injective. (Now: this construction made a choice on b and ¢; needs to show that d*[c] is independent of these
choices. Omit here.)
a - db
Here, the essence is the chasing along a
b L ¢

Def: C° partition of unity: A C* of 1 on a C'*° manifold M is a collection {py: M — R}aeca of C°, s.t. (1) every
p € M has a neighborhood on which »__ _, po is a finite sum; (2) > 4 po = 1.

Theorem: given an open cover {U, }aca of a C* manifold M, there exists a C'°° partition of unity, {ps }aca, subor-
dinate to {Ua}aca. (Such a nice property exists for C°° and continuous function; but for complex manifolds there’s no
such property, making their study more challenging.)

Theorem (Mayer—Vietoris Sequence). Let {U,V} be an open cover of a manifold M, i.e. M =UUV. We will show
that the following short exact sequence holds:

0= QM) 5 QFU) @ Qb (V) L QR UNnV) -0, (1.1)

where i(w) = (w|y,w|v) is restriction, and j(w|y,w|v) = wv|unv — wuluny is difference.

Proof: see the book P22.
Cohomology of disjoint union: If M = AII B (disjoint union), then H*(M) = H*(A) ® H*(B).
Cohomology in degree 0: If M has m connected components, then H?(M) = Z%(M) = R™.
Cohomology of S': H%1(S') = R (other degree vanishes).

1.5 Lecture 5: Homotopy invariance

Homotopy: let N, M be smooth manifolds. N x [0, 1] is a manifold with boundary.

Def: F: N x [0,1] — M is smooth if can be extended to a smooth map on a neighborhood of N x [0,1] in N x R.

Def: fo, f1: N = M are smoothly homotopic, denoted as fo ~ f1,if 3a C>®° map F x N x [0,1] = M, s.t. F(x,0) =
fo(x), F(z,1) = fi(z). (E.g.: straight-line homotopy.)

Def. f: N — M is a homotopy equivalence if 3 g: M — N s.t. go f ~ 15 and fog ~ 1. g is a homotopy inverse of
f, and in this case, M and N are homotopy equivalent, or have the same homotopy type. A manifold with the homotopy
type of a point is contractible.

Example: r: R?\{0} —1, r(z) = x/||z|| is a homotopy equivalence (define i: S — R?\{0} the inclusion; show
roi=1lg and i: r homotopic to 1g2\{0}-.), so they have the same homotopy type.

Def. Let AC M. A map r: M — Ais a retraction, if r|4 =14 (or roi = 14). A retraction is a deformation retraction
ifior~ 1M-

Proposition: A deformation retraction r: M — A is a homotopy equivalence.

Homotopy Axiom (see e.g. Steenrod, first a theorem, then used as an axion to define cohomology theories): it roughly
says that homotopy maps induce the same maps in cohomology.

Theorem (Homotopy axiom). If f: N — M is a C*™ map of manifolds, then we have f*: QF(M) — QF(N), w — f*(w),
and f#: H*(M) — H*(N), f#([w]) = [f*(w)] (also very often written just as f*). Theorem: if f ~ g, then f# ~ g#.



Corollary. If f: N — M is a homotopy equivalence, then f*: H*(M) — H*(N) is an isomorphism.

(A vector space that’s also a ring is an algebra. Cohmology preserves addition, scalar multiplication and wedge product,
so the isomorphism is in the sense of isomorphism of algebras.)

Proof: let g: M — N be a homotopic inverse of F, then (go f)* = 1y-a) and (f o g)* = 1p-(ar), then f*: H*(M) —
H*(N) is bijective, hence n algebra isomorphism.

Corolary: if M and N have the same homotopy type, then H*(M) ~ H*(N).

Example: H*(S1 x [0,1]) ~ H*(R*\{0}) ~ H*(S') = R in degree 0,1, an vanishes in other degrees.

Example: H*(R™) = H*(pt) = R in deg 0 but 0 in deg> 0.

(Generators of HY(S1) is any nonzero constant function; Generators of H*(S1) is a 1-form that’s non-exact: if w = dr
an exact 1-form on S', then |, g w = /. g1 dT = 0 by Stoke’s theorem, so any generator is represented a 1-form whose
integral is not zero, e.g. df € Q'(S). Usually we take [5=df] € H*(S*) =R as the preferred generator.)

Example: Integral on a cylinder: suppose w € Q'(C) is a closed form. Claim: fSA w = fSB w, where Sy, Sp are the
upper and lower boundaries of a cylinder C' with a given orientation. (Proof: 0 = [, cdw = /. s W by Stoke’s theorem.

Example: Cohomology of a torus: use Mayer— VletOI"lb to decompose the torus M to two cyhnders U and V', then we

have the LES with easy entries 0 — H°(M) = R %, ReR SRR %, HY(M) A, ReR S RaR 4, H?(M) — 0.
Next, need to characterize the map ji: Let [wy] € H'(U) be the preferred generator, then 1 = fSU = fSA wy = fSB wy,
then j*(1,0) = 5*(0,1) = (1,1), so j*(a,b) = (b —a,b—a), so H*(M) = imd} = R & R/kerd; = R ® R/imj; = R. Then,
to get HY(M): HY(M)/keri; = imi} = kerj; = {(a,a) € R®R}; and keri} = imd} = R® R/kerd] = R ® R/imj3 ~ R, so
HY(M) =R®R. To summarize, for torus M, H*(M) = R*?! for degree 0,1,2; other degrees have vanishing cohomology.

1.6 Lecture 6: Proof of Homotopy Axiom

Recall the statement of homotopy axiom: Given a C* map f: N — M pulls back forms: f*: Q*(M) — QF(N), which
induces a linear map f#: H*(M) — H*(N). If fo ~ fi: N — M, then f¥ = f7: H*(M) — H*(N).

Proof:

Step 1 — reduction to two inclusions: Define j;: M — M x [0,1], j:(z) = (x,t), Define F(x,t) to be F(z,0) = fo(z)
and F(z,1) = f1(z). Then we have f;(x) = (F o j;)(x), by functoriality, fi# =(Foy)° = jz# o F#, where i = 0,1. To
prove f# = fl#, it suffices to show that j# = jfﬁ.

Step 2 — idea of cochain homotopy: Def: Let ¢, w A —> B be cochain maps of cochain complexes, meaning we have

AR DAk D Akl and - BRL Y BR 4 BRHL L where we have o, A* — B? s.t. the diagram
commute.

Definition (Cochain homotopy). A cochain homotopy from ¢ to v is a collection of linear maps K : A¥ — B¥~1 s.t.
doK+Kod=¢—1).

Theorem: If there exists a cochain homotopy K from ¢ to v, then ¢# = #: H*(A) — H*(B). (Proof: Let
[a] € H(A), then 9 (a]) = [¢(a)] = [dK (@) + Kd(a) + 6(a)] = [6(a)] = $#[a].)

Going back to Step 1: we’d like to find such a cochain homotopy K from j§ to ji. Recall that jo: M — M x [0, 1], so
Jo (M x [0,1]) — Q*(M), so we want to define a K: QF(M x [0,1]) — Q*~1(M). A natural choice exists, which is to
integrate alogn the “fiber” [0, 1]. So, we define integration along the Fiber on the chart (U, 2%, ...,2") x [0, 1]: a k-form on
U x [0,1] is a sum of 2 types of forms: (I) f(z,t)dz A---Adx* = fdx!, or (II) g(x,t)dt Adx™ A---Adz'*~1 = gdt Adx”.
We have K(fdx') =0, and K(gdt Adz”) = (fol gdt)dx’. Then, we claim that dK + Kd = j} — j& (to show this: for type
), (dK + Kd)(fdz") = Kd(f(z,t)dz’ ) = K(0+ %dt Ada?) = [ 9 dtda’ = f(a,1) — f(x,0)dz’; on the other hand,
(5¥ — 3 (fdxl) = [f(x,1) — f(x,0)]dx!, where we’ ve used the fact that j*dx! = fx!. This proves for type (I), we have
dK + Kd = j§ — j§; for type (II), the proof carries through similarly.

Integration along the fiber of M x [0,1] — M:

Proposition: Let (U, z!,....,2") and (U,y',...,y™) be 2 charts of M. The definition of K: Q*(U x [0, 1]) — QF(U) gives
the same result using either x or y coordinate.

(Write w = f(a: t)dz! = g(y,t)dy"’ for type (1), and w = f(z,t)dt A dz’ = g(y,t)dt A dy’ for type (II). Note we have
flx,t) = g(y, t) , where g— is the Jacobian.)

Then can extend the proposition to the entire manifold: cover M with an atlas {(Uy,, z., ...,27)}, Let w € Q¥ (M x[0, 1]),
wa = w|y, x[0,1]- On each (Ug, @}, ..., 2), we have K (wq) € Q¥ H(Uy). On (U % [0,1])N(Up x [0,1]) = (UaNUg) x [0,1]),
we have K(w,) = K(wg) € QF=1(U, N Up), therefore {K (w,)} piece together to give a global form K(w) € QF~1(M),
and (dK + Kd)w = (j7 — j¢)w is an equality of forms on M.

This completes the proof of Homotopy Axiom.



1.7 Lecture 7: Cohomology with compact support of R".

Simpicial (for simplicial complexes); singular (For continuous spaces); de Rham (for manifolds); all satisfies the same
axioms (Eilenberg—MacLane).

Cohomology with compact support does not satisfy the homotopy axiom.

Let (U,z!...,2") be a chart of a manifold M. Let 7: U x [a,b] — U, n(x,t) = z, and j;: U — U x [a,}], s.t.
ji(x) = (z,t), for t € [a,b]. Define m,: QX(U x [a,b]) — Q*=Y(U), by (I)m.(f(z,t)dz’) = 0, and (I1)7.(f(z,t)dt Ndz”) =

f; Sz, t)dt) dz’. Generalizing last time, we have dm, + m.d = j; — jZ.

Now: can we replace the closed inteval [a,b] by R? Answer: no, as the integral fR f(z,t)dt may not be finite. But
“yes” if we consider cohomology with compact support.

(It’s possible that f + g has compact support but not f or g individually. But we have the following theorem:)

Theorem: a form w = ay(z)dz! on a charge (U, x!,...,2") has compact support if and only if all a;(z) has compact
support for all I. (Proof as exercise: (a) the support has the property that supp(w + 7) C (supp(w) U (supp(7)); (b)
w=0«<as(x)=0VI.)

Now, can define integration along the fiber:

Define 7, : QU x R) — QF1(U) by (1) m.(f(z,t)dz’) = 0, and (II) 7, (f(z, t)dt A dz’) = (fjjo f(m)dt) dz” .
[Since f(x,t) has compact support in U x R € R™ x R (a compact set in Euclidean space is closed and bounded;
this is true for compact sets in Euclidean space not not true for other spaces in general), therefore ffooo f(x,t)dt has
compact support in U.] Therefore We have dm, + m.d)f(z,t)dt A de = ji(f(x,t)(dt A dz) — ji(f(z,t)dt A dz) = 0,
e (f(z,t)(dt Adx)) = (G f)(Frdt A jidz), but (55 f)(x) = (f o gv)(x) = f(z,b) = 0, because the support of f is inside
U X [a,b]); so we have the theorem:

Theorem: dom, = —m, od.

This means that 7, is a cochain map (up to a sign).

[Recall that a cochain map is a map between two cochain comlexes A and B that make the diagram commute, i.e.
commuting with the differentials. So to prove that m, is a cochain map (for cochain complexes) it suffices to prove
dom, =—m,od.]

[The importance of a cochain map is that it induces a map in cohomology: 74: HE¥(U x R) — H*"1(U).]

Below is the main theorem of this lecture:

Theorem (Poincaré lemma for compact support). The map
.17k k—1
my: H)(U xR) - H 7 (U).
is a linear isomorphism.

Before outlining the proof let’s first look at an Example: H?(R") = H?(R" "1 xR) ~ H " }(R""1) ~ ... ~ H}(R) = R.
[For k < n: HF¥(R™) = HY(R"*) = 0, where R"~¥ is not compact for n > k, so the only function is the zero function
(with compact support).] To summarize, we have

H¥(R™) =R for k = n, and 0 otherwise. (1.2)

Proof of the Poincaré lemma:
(To prove it’s an isomorphism we need to construct an inverse of 7 let p(t) be a C* function with [*_ p(t)dt = 1, and
define A(t) = fioo p(u)du, and define e = p(t)dt. e is top form on R so it is closed. Then, define e, (f(x)dz!) = e f(z)dz!,

can easily check that 7, o e, = 1 on QF~1(U). (This shows the inverse exists on the level of forms.) Then, we want to
show e, induces a map on cohomology. We have the proposition:

Proposition: de, = —e,d: QF~Y(U) — QF1(U). (Proof: de.(f(x)dz!) = d(e A f(z)dz!) = —e A d(f(x)dz!) =
exd(f(z)dz").)

This shows that e, induces a linear map in cohomology

ey: HFYU) — H¥Y(U x R),

And combined with 7, o e, = 1 on Q¥~1(U) we get my 0oey =1 on H7F~1(U);

However, e, o7, # 1 on QF(U x R).

Cochain Homotopy between e, o 7, and 1:

Define K : QF(U x R) — Q¥ 1(U x R) by (1) K(f(z,t)dz’) = 0, and (1) K (f(x,t)dt A dal) = ( It f, u)du)) da!.

However, here the problem is that fioo f(x,u)du does not have compact support on the ¢t axis. To have a compact
support, we define some Theta function that we call A(t), which tends to 1 for ¢ > 0 and 0 for ¢ < 0. We can then take



A(t) = fioo p(u)du, and we define: (II) K(f(x,t)dt A dx!) = (ffoo f(x,u)du)) dz! = A(t) (ffooo f(x,u)du) dz!. Then,
we can show that

Theorem: dK + Kd =1 — e, o m,. (Proof can be long but straighforward.)

This theorem then shows that in cohomology, we get ey oy = 1: HE(U x R) — H¥(U x R), and this completes the
proof of the Poincaré lemma.

This result for an open set U generalizes to the entire manifold M: 7: M x R — M, so we have

Theorem:
7y HY(M x R) ~ HFY(M).

1.8 Lecture 8: Mayer—Vietoris with compact support; Finite dimensionality

The pullback of a function with compact support does not necessarily have compact support, so the pullback does not
induce a map in cohomology with compact support.

Def. Extension by zero: let i: U — M be the inclusion. If w € QF(U), its extension by 0 is defined to be i.w €
QF (M) with (ivw), = { v > .

(If a C*° form w does not have compact support in U, then extension by zero may not be possible. (think about the
function csc(z).))

Ifj: V—>U and i: U — M are inclusion of open sets, then (i 0 j), = i4 0 j,. This shows i, is a covariant functor.

Proposition. i, od = d oi,. (Proof: let i: U — M be inclusion, and let w € QF(U), if p € U, then there exists an
open neighborhood V of p, with V. C U; On V, i,w = w, so d(i,w) = dw = i,(dw), because dw € QF*+1(U), and that the
operator d is support non-increasing. If p /nU, then p ¢ supp(w), so there exists an open V of p, s.t. i,w =0, for w =0
on V. So i.dw=0=di,0=0.)

So, i, as a cochain map induces a map in cohomoloy iy : HX(U) — HE(M).

Mayer—Vietoris for Compact Support:

Let M =U UV, U and V open in M. Then we have the two inclusion maps jy: UNV — U and jy: UNV =V,
and then two more inclusions iyy: U — M and iy : V — M.

Def: j: QX(UNV) — QF(U) @ QF (V) by the signed inclusion: j(w) = (—jy.w, jvsw), and i: QF(U) @ QF (V) — QF(M)
is the sum: i(wy,wy) = iy«wy + iyv«wy. Thus we have joi = 0.

Theorem (Mayer—Vietoris sequence for compact support). The following sequence is exact:
0 QHUNV) S Qb U) ek (V) L (M) — 0. (1.3)

(Proof: Exactness of QF(U NV) and QF(U) @ QF(V) is easy. Exactness at QF(M) amounts to the surjectivity of j.
To prove this: Given w € QF(M), need to write it as the sum of wy € QF(U) and wy € QF(V): choose a C* partition of
1 that is subordinate to {U,V}: py + py = 1, so pyw + pyw = w, then supp(pyw) C supp(py) Nsuppw C supppy C U,
and also supp(pyw) C supp(py) N suppw C suppw. As supp(w) is compact, and supp(pyw) is closed, so supp(ppw) is
compact, thus ppw € QF(U). (A closed subset of a compact set is compact.) This completes the proof.)

The short exact sequence above induces a long exact sequence

HYUNV) = HYU) @ HE(V) 25 HYOD) S BN U N V).

Example: H¥(M), where M is the open Mobius band.

Choose U and V, with U ~ R? and V ~ R?, and U and V overlaps on two parts which we call A and B. We have
H2(R?) ~ R.

[First, define a generator of H2(R?) ~ R: it is a closed 2-form with compact support: suppose the supports of 7 are
inside a disk D C R?, and that w = dr, then [, w = [, dr = [,,7 =0 (by Stoke’s theorem and by 7 having value zero
outside its support). This shows that w = d7 is not a generator. Thus, a generator of H2(R?) is a 2-form w € Q2(R?)
with [p. w =1. (One can visualize w by a bump function.)]

Let [wy] € H2(U) be a generator on U, and [wy] € H2(V) be a generator on V, and so on.

Choose the orientation of U, V, A, B in a consistent way. We have UNV = AII B ~R?IIR?, M = U UV, we have

(see Eq. (T.2))
HY(AIL B) = HO(U) @ HO(V) L5 HO(M) % HY(ALLB) = HY(U) @ HA(V) 25 HY (M)

c

N—— S——
=0 =0 =0 =0 =0 =7

Ay H2(ALLB) L H2(U) @ HA(V) 25 H2(M) % 0,

C

=R®&R =R®R =7



Jus(wa) = wu, jus(wp) = —wu, jvs«(wa) = wy, jv«(wp) = wy, jilwa) = (—jus(wa), jv«(wa)) = (—wy,wy), and
ix(wp) = (—ju+(WB), —jv«(wp) = (wy,wy), so that j.(1,0) = (—1,1), and j.(0,1) = (1,1), so j«(a,b) = (—a + b,a + b),
thus j, is an isomorphism R? — R?, so H}(M) = imd, = kerj, = 0 (as j. is an isomorphism), and H2(M) = imi, =
R @ R/keriy) = R ® R/imj, = 0 (where we used the 1st isomorphism theorem of algebra; exactness; and the fact that j,
is isomorphism).

To summarize: for the open M&bius band we get H (M) = 0 at any degree.

1.9 Lecture 9: Open Mobius Strip, Finite dimensionality, Pairings

A better covering of the Mdbius strip M (no boundary) by open sets U, V, with U NV = Al B. For integration to be
possible, orient U, V, A, B arbitrarily except for the two halves of U. See the youtube video for details.

Crucially, note that we are looking at the open Mobius Strip; if we had boundaries then the cohomology with compact
support would be the same as the ordinary cohomology. (If we include the boundary, then the open sets U, V' will not be
diffeomorphic to R?, then we cannot write down the Mayer—Vietoris sequence in the current way.

Q: When is the cohomology finite dimensional? (It’s easy to get an infinite dimensional cohomology: e.g. R? take out
infinite many points.)

Below we will introduce a method based on Mayer—Vietoris — which is a general method to prove Poincaré duality,
Kiinneth, Thom isomorphism and so on.

Definition (Good cover). An open cover 4 of an n-manifold M is good, if all open sets U, € {l and their finite
intersections are diffeomorphic to R™.

(What we wrote down for the open Md&bius strip is a good cover.)
Theorem: every manifold has a good cover. (An open cover consisting of geodesically convex open sets is a good cover.
The intersection of two convex sets is also convex.) We will assume this theorem.

Definition (Manifold of finite type). A manifold M is of finite type if it has a finite good cover.

Most of our theorems will be for manifolds with finite type.
Example: Compact manifolds are of finite type.

Theorem (finite dimensionality of cohomology). If M is of finite type, then H*(M) is finite-dimensional.

(Proof by induction. We’ll first need the following lemma.)

Lemma: If open sets U, V, and U NV in a manifold have finite dimensional cohomology, then dimH*(U U V) < oo.
(Proof: use Mayer—Vietoris for U and V: H¥(U U V) ~ keri* @ imi* = imd* @ imi*.)

With this, let’s prove the theorem: suppose M has a good cover {Uy, ..., U, }. Assume any manifold with good cover with
r—1 open sets has finite dimensional cohomology. Let U = U1U- - -UU,._1, V = U,, then UNV = (U1NU,)U- - -U(U,-1UU,.)
has a good cover with  — 1 open sets (each U; U U, is diffeomorophic to some R™). By induction hypothesis, U, V, and
U NV have finite dimensional cohomology, then by lemma, so does M.

Below we set up the stage for Poincaré duality, to be detailed in the next lecture:

We have, now,

e HF(R™) =R%0, we have HF(R") = H"*(R");

o HF(S") = Ro%=00rn we have HF(R") = H" *(R");

o H*(T?) =R(), we have H¥(R™) = H2F(R");

e HF*(Mbbius) = R%=0or 1; but we have HF(Mobius) = 0.

On an orientated n-manifold M, there is a pairing Q*(M) x Q2~*(M) — R, defined by (w,7) — [ A7.

Def: a pairing ¢: V x W — R is a bilinear map. ¢ is nondegenerate, if p(v,w) =0Vw € W = v =0, and ¢(v,w) =0
YvoeV =w=0.

A pairing ¢: V x W — R induces a linear map o.: V. — WY by pr(v) = (v, —); similarly, pr: W — VV by
er(w) = @(—, w).

(VV := Hom(V,R) is the dual space of V. A map f: V — W induces a map fV: WY — V'V defined by f¥(a) =ao f
for any linear map a: W — R.)

Thus ¢ is nondegenerate if and only iff ¢ and i are injective.

Theorem: If W is finite dimensional, then a pairing ¢: V x W — R is nondegenerate if and only if ¢r: V — WV is
an isomorphism. (Proof: ¢ is nondegerate = or: V — WV is injective = dimV < dimW" = dimW. But pg: W — V'V
is also injective sp dimW < dimV"V < dim V, so dimV = dimW. With this it’s easy to complete the proof.)



1.10 Lecture 10: Poincaré Duality

Poincaré Duality Pairing.
Let M be an oriented n-manifold without boundary.
Consider the pairing;:

/:Z’“(M)XZZL"“(M)—HR, (w,7’)»—>/ WAT. (1.4)
M M

w A 7 has compact support because supp(w A 7) C supp(w) Nsupp(7) C supp(7). Using the fact that a closed subset
(supp(w A 7)) of a compact set (supp(7)) is compact, we see that w A 7 has compact support.
closed A exact = exact. (Easy to check )

[3 closed Aexact = [, d(—) = [5,,(—) = 0 (by Stoke’s theorem), because M has no boundary. Similarly, [,, exact A
closed = 0.

Collecting the above two points, || a0 Eq. (1.4) induces a map
/ H*(M) x H* *(M) - R. (1.5)
M

Theorem (Poincaré Duality). For an oriented n-manifold M of finite type (i.e. has a finite good cover) without
boundary, Eq. (1.5)) is nondegenerate.

[Finite type is needed to ensure cohomology is finite, and it’s needed for the proof. So the hypothesis of finite type is
needed.]

Direct consequence of the theorem is that ¢z : H*(M) — H? (M) is an isomorphism.

Diagram of Pairings:

Def: the diagram

X
=X Q

f
g

(1.6)
[

—
—
<

=
=

is commutative if ¥ (f(a),e) = é(a, g(e)).
Proposition: The diagram

ALC

W ow

BY —— EVY
g

is commutative if and only if the pairing diagram (1.6)) is commutative.
Proof: Va € A, going down first we have (¢¥ o) (a) = g¥(¢(a,—)) = ¢(a, g(—)); going right first we have (Yo f)(a) =
YL(f(a)) = ¢(f(a), -).

Pairing of Two Mayer—Vietoris sequences: let U, V be open sets in an oriented n-manifold M, we have

HYUUV) —2 s MUY e H*(v) — 5 BYUNV) —& 5 BF U UV)

X X X X

HIM FUUV) «+—— HFU)e H» F(V) «Z— H F(UNV) «—— H YU uV) . (1.7)
oo | o+l | Jorv | o
R R R R

where ¢* is the restriction map, j*
Then, let’s look at d*:

First, recall the construction of d*: H¥(UNV) — HF¥(U UV):

Choose a C°° partition of unity 1, {py, pv} subordinate to {U,V}, (see P22 for details; recall that we have dw =

puw — (—pyw))

is the difference map (of restrictions), j. is the signed inclusion, and i, is the sum.



Qk+1(U U V) SN Qk+lU ® Qk+1(V)
——_— ——

d*we (=d(pvw),d(puw))e

d
QFU) ek (V) —— QFUNnV)
N———

—_———
(—pvw,prw)€ we

So d*w is the form on U UV s.t. d*w|y = —d(pyw), and d*w|y = d(pyw).
Then, recall the construction of d,: H» " *~Y (U U V) — H* (U NV):
(we have py7T + py7 =71, 50 d(pyT) + d(pyT) = dr =0, so we define d.7 := d(py7) = —d(puT).)

QU AV) s R @ R (V)
———
d.T€ (d(puT),d(pvT))E

1
QU)o QRN (Y) —— QU uY)

———
(puTpvT)€E TE

Proposition: for [w] € H¥(U NV), d*[w] € H**(U NV) has support in U NV. (Proof: d*w = —d(pyw) on U, so
supp(pyw) C supppy Nsuppw C suppw C U NV, since dw is support-decreasing, so d(pyw) C UNV. So d*w on U has
support in U N'V. Similarly for d*w on V.)

Proposition: the diagram Eq. is commutative up to sign. (Acuatually, the first two squares are commutative.)

Only Prove the third square: for w € H*(UNV), and 7 € H? " *~1(U U V), we need to show that [;; . (d*w) AT =
Sy @ A dit. Now, the proposition above shows that LHS = [, (d*w) AT = [, (d*w) AT = [, dlpvw) AT =
Joay d(puwAT). Then, RHS = [, wAdiT = — [, wAd(puT) = —(—1)38 [ d(wApyT) = (=1)tFdesw [ d(pywA
T) = (—1)itdeew [ S

By an earlier proposition, we get a commutative diagram

HYUUV) — " B U) @ HF (V) — L H*NUNV) —E s B U UY)

| | L

H MU UV)Y —— HI 5 (U) & Hi-H (V)Y 2 Ho b (U N V)Y —2 Hr-F 10U V)Y

/L*

Poincaré duality for U, V, and U NV, combined with the five lemma, will imply Poincaré duality for U UV. (Assume
M has a good cover with r open sets, and induction on r, the number of elements in this good cover. This will be a very
common strategy for later proofs.)

1.11 Lecture 11: Kiinneth Formula; Leray—Hirsch Theorem

Question: Is S* x §? diffeomorphic to S* or T? x T??

Def: Tensor Product: Let V and W be vector spaces (finite dimensional or infinite dimensional). Define F(V x W) :=
vector spaces with basis (v,w) € V- x W = {3 mi(vi,w;)|rs € R, (v, w;) € V x W},

Define S to be the subspace of F(V,W) spanned by (v1 + va,w) — (v1,w) — (ve,w), (v, w1 + wa) — (v, w1) — (v, wa),
(rv,w) — r(v,w), (v,rw) —r(v,w).

Def: VoW :=F({V xW)/S.

Notation: v @ w = [(v,w)], we have (v1 +v2) @ W = v1 @ W + V2 @ w, (rv)® = r(v @ w). (Generally the scalar product
in V x W is defined as r(v, w) = (rv,rw), no mention of linearity. But in tensor product, we have) v ® w is bilinear.

There’s a natural (in the category sense) map @: Vx W = VW, (v,w) = v ® w. ® is bilinear.

Theorem (Universal property of ®) Any bilinear f: V x W — Z of vector spaces induces a unique linear map
VW = Zst.

Vew

RNEE
of "3

Vw1327

Proposition: (i) R@V ~V, VeRx~V. (i) VoW =W V. (i) (&;V;) @ W ~ &;(V; ® W). (Proof: (i) Define
fiRXV =V, (r,v) = rv. Since f is bilinear, by the universal property, there exists a unique linear map f: RQV — V

10



st. f(r®w) = f(r,w) = rw. Then, define j: VLRV SRV, v (1,v) = (1 ®v), it is easy to show that f and
g are inverses.)

Theorem. Tensoring with a vector space preserves exactness. (See algebra for proof.)

Kiinneth formula: Let M, F be manifolds. The projections m1: M x F — M, mo: M X F' — F induces linear
maps 77 H*(M) - H*(M x F), ny: H*(F) — H*(M x F), Hence we can define a bilinear map H*(M) x H*(F) —
H*(M x F), (w,7) = wfw A w37. Then, by the universal property of the tensor product ®, there exists a unique linear
map k: H*(M)® H*(F) = H*(M X F), st. K(w®71) =mfwArs(7), V(w,7) € H*(M) x H*(F).

Theorem (Kiinneth formula). x defined in the way above is a linear isomorphism, for a manifold M of finite type.

(Note that the hypothesis of finite type is necessary in order to make Kiinneth formula to hold.)

We have (H*(M) @ H*(F)) = @};:0 HI(M) ® H*=9(F). Now we need to show that it is equal to H*(M x F).

Example: M =R", x: H*(R") ® H*(F) — H*(R" x F), where H*(R") ® H*(F) = R®@ H*(F) = H*(F), defined by
T +— w37, is a linear isomorphism by homotopy axiom. This proves the Kiinneth formula: for M = R".

Lemma: Let U, V be open in M and F' is any manifold. If x is an isomorphism for U, V, and UN, then it is an
isomorphism for U U V. (Proof: the following is a commutative diagram,

é HI"YUNV)® H9(F) » é HIUUV)® H9(F) + é HIU) ® H*9(F) & é HI(V)® H1(F) » é HIUNV)® H9(F) +
q=0 q=0 q=0 q=0 q=0

lﬁljmv lh’zruv l(NUﬂV) l“””v

H-Y((UNV)xF) —— H*(UUV)xF) —— s HY(Ux F)® H*(V xF) —— 3 H¥(UNV) x F) ——
(1.8)
by the five lemma, Ky is an isomorphism.)
Then, by inducting on the number of open sets in a good cover of M, the Kiinneth formula follows for M of finite
type.

Definition (Fiber bundle). A C™ sujection 7: E — M is a fiber bundle with fiber F if M has an open cover {U,} on
which there are diffeomorphisms ¢, : 7= (U,) := E|y, — U, x F that makes the diagram commutative:

Ely, —— U, xF

Check: Mobius is a fiber bundle.

Theorem (Leray—Hirsch). Let 7: E — M be a fiber bundle with fiber F' over a manifold M of finite type. Suppose there

exists cohomology classes e!, ..., e on E that restrict to a basis 7!,...,7¢ of H*(F). Then x: H*(M) ® H*(F) — H*(E),

(w, > ;") = (T*w) A", ae’ is a linear isomorphism.

Theorem: a fiber bundle over a contractible space is trivial (i.e. isomorphic to a product).
Def: A morphism ¢ of 7': B/ — M and w: E — M is a map that makes the following diagram commute:

E— % g

N

Base case: M = R", E ~ R" x F, then Kiinneth map x: H°(R") ® H*(F) — H*(R™ x F) is an isomorphism.
Lemma: If Leray—Hirsch holds for U, V, U NV, then it holds for U U V. (To prove it, similar to Eq. (1.8]), we have

é HI-Y(UNV)® H9F) -+ é HY(UUV)® HF9(F) - é HIU)® H4F) e é HYV)® H4(F) » é HI(UNV)® H4(F) >

q=0 q=0 q=0 a=0 =0
J«KUQV lﬁqu l(mu,nv) lﬂvmv
H* Y (Blunv) —————— H*(Elvuy) H*Ely) & H*(Elv) H*Elyny) ——

Then induct as before on the number of open sets in a good ocver of M.

11



1.12 Lecture 12: Cohomology with Compact Vertical support

So far have defined two kinds of cohomology: de Rham cohomology and cohomology with compact support. Today: define
a 3rd kind — cohomology with compact vertical support, it is a cohomology theory for vector bundles.

Def: Vector bundles: let 7: E — M be a C* surjection where fibers E, = 7~!(z) are vector spaces of dimension r, for
allz € M. Then : E — M is a vector bundle of rank r if there is an open {U, } of M and fiber-preserving diffeomorphism
bo: 7Y (Uy) = E|y,, — U, x R” that are linear isomorphism on each fiber. (U, ¢,) is called a trivialization.)

Def: a bundle map from 7: E — M to «’': E' — M is a C* fiber-preserving map that is linear on each fiber.

Def: A vector bundle is trivial if it is isomorphic to a product bundle M x R" — M.

Def: Transition function: on U,g := U, N Ug, where on U, and Ug there’s trivializations ¢, and ¢, we have
Go © ¢;3 2 Uap X R = Uyp X R, (z,v) = (2, gap(z)v), where the transition function gag: Usp — GL(1,R).

Def: let H be a subgroup of GL(r R). If 3 trivialization {(Uy, @)} of E s.t. gas: Us — H, then we say that the
structure group of E can be reduced to H.

Def: a vector bundle 7: E — M is orientable if its structure group can be reduced to GLT (7, R).

Def: a trivialization {(Ua, ¢o)} for a vector bundle 7: E — M is oriented if all its gag = ¢q © ¢El have a positive
determinant. An oriented vector bundle is a vector bundle with an oriented trivialization.

Forms with compact vertical support:

(A candidate for such a form is w € Q¥(E) s.t. supp(w|r-1(z)) is compact in the fiber 7~ 1(z). But the problem is that,
with this definition, the integration of a C*° form w along the fiber may not be C* on M. We need a stronger condition:)

Definition (Differential forms with compact vertical support). w € QF(E) has compact vertical support if ¥V
compact set K C M, supp(w)N7~1(K) is compact. Denote QF (E) = {C* k-forms on E with compact vertical support}.

Theorem (Differential complex with compact vertical support). (2, (E),d) is a differential complex.
Def: H (E) as the cohomology of (QF,(E),d).
Theorem (Poincaré lemma with compact vertical support). We have
H; (M xR")~ H*".(M). (1.9)

We will prove it in the next lecture. In this lecture, we set up the stage. We first define:

Def: Integration along the fiber: m.: QF (E) — Qk="(M).

Assume M = (U,z,...,2"), E = U x R", with coordiate t!,...,#" on R".

Forms on E are sums of 2 types of forms (I) f(x,t)dt! Adz?, where [I| < r; (II) f(ax,t)dt! Adt" Adx”.
Def: m,(type I) = 0, m,(type II) fR, z, t)dt, ... dt")dx” .

Proposition: If w = f(x,t)dtt A--- Adt"™ A dx is C’OO on U x R", then 7, (w) is C*° on M.

(Proof: show that the partial derivative of g(x) exists, where m.w = f(z, t)dt" - dt™ dz’ exists. Fix p € U,
R”

g9(z)
and a compact neighborhood K of p, supp(f) A 7~ (K) is compact in K x R"by hypothesis, So supp(f) A 7~ 1(K) C
K x [Ti_i[ai, bi], Thus [o, f(x,t)dt*---dt" = J s f(x,t)dtt - - dt", which is differentiable with respect to x/ (we

are allowe to move 9/9z7 inside integral, by a theorem in real analysis), so g(x) is C*°. Then it follows that 7. (w) is C*

on M.)

Let (UxR", 2t ...,a" ¢!, ....t") be a chart of E, and (V xR",y*, ...,y", ul, ..., u") be another chart. Type I in one chart is
type I in another chart, m, = 0 is well defined. For type IL: 7. (g(y, )du/\dy (f]R, w)du) dy’ in (V xR",y, u) chart;
In (U x R", z,t) chart, we have 7,(g(y, u)du A dy!) = . (g( ) wdt N Y 52 Lol sdx ) (fRT (y,v) dt ‘dt) > 2y’ B
fRT u)du A dy”, by hypothesis of orientability of E, we have a—? > 0, so we can put that 2 5 = %t

Thus e QF (E) — QF~7(M) is defined.
Theorem: 7, 0d = (—1)"d o .

1.13 Lecture 13: The Thom Isomorphism

For a C*° vector bundle m: E — M, we defined m,: QF (E) — QF"(M).
We showed dm, = (—1)"m.d.
This shows that . induces 7y : HE (E) — H*"(M).

Theorem (Thom Isomorphism for oriented vector bundle with base of finite type). 74 is an isomorphism for
M of finite type. (Here “finite type” is just for our purpose of proving the theorem but can be relaxed. We will prove a
generalized version in lecture 20.)
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Theorem (Poincaré lemma for compact vertical support). 74: HE (M x R") — H*~"(M) is an isomorphism.

Let p(t) be a C*° bump function on R”, with [, p(t)dt'---dt" = 1. Define e,: Q*"(M) — QF (M x R"), e.(n) =
e A *n (with dt comes first). Then, 7, 0 e.(n) = Te(ex(n)) = mu(e AT*n) = T (p(t)dtt A -+ Adt" A7*(n)) = 1.

Lemma: de, = (—1)"e.d (check this)

Thus e, induces ex: H*"(M) — HF,

Therefore my o ey =1 on H*(M).

On the other hand, we can check that e, o 7, # 1 on QF (M x R"), so we want to find a cochain homotopy. We first
define it on a chart:

For a chart (U, !, ...,2") of M, we define K: QF (U x R") — Q¥~L({U x R") s.t. dK + Kd =1 — e, o ..

Forms in QF (U x R") are sums of (I) f(z,t)dtl Adz’, with |[L| <7, and (IT) f(z,t)dt' A---Adt" Adx?. Define K = 0
on type I forms; On type II, we define K (f(ac, Hydtt A - dtT A dx") =77

[[Fixed in the 2nd half of lecture: Lemma: my: HY (M x R™) — HE-1(M x R™~1). If we can prove this lemma, than
further use HE"(M x R%) = H*="(M) we should get the result.]]

Mayer—Vietoris for compact vertical support:

Let U, V be open sets in M. Then

(M x R"), with eg[w] = [e.w].

0= QF (Eluoy) & Q5 (Elu) @ Q5 (Elv) & 05, (Bluav) — 0. (1.10)

(The proof parallels that of the original Mayer—Vietoris of the ordinary de Rham chaim complexes.)
By te Zig-Zag lemma, Eq. (1.10) induces a long exact sequence

_ 4 i *
= Hi H (Elunv) = Hey(Bluov) — Hey(Blu) @ He, (Elv) 2 Hey(Eluay) = -

Combine with the ordinary Mayer—Vietoris, we have

- i (Blony) —5— HE(Eluoy) —— HE(Ely) © HE,(Elv) —— HE(Eluay) —— -

(TVUGV)*J/ (Tfuuv)*J/ (WU*JTV*)J/ (ﬂunv)*J{

s HY U Y) L B U uV) s BRI U) e HE(V) L HRUNY) s

Proposition: the diagram above is a commutative diagram.

Theorem: Thom isomorphism for U, V', U NV implies Thom isomorphism for U U V.

We also need the following theorem:

Theorem: a vector bundle over a contractible space is trivial, i.e. isomorphic to a product bundle. (Proof in the book.)

Thus, on a good cover, a vector bundle is trivial over any finite intersections of the open sets in the cover.

Then, by inducting on the number of open sets in a finite good cover of M, the Thom isomorphism theorem follows.

Theorem (the projection formula): let 7: E — M be an oriented vector bundle of rank k. Suppose w € Q% (F), and
7€ Q*(M), then 7, (w A 7*(M)) = (mew) A 7. (In this formula, the form dt comes first; otherwise we may get a minus
sign. Also, note that 7*7 does not necessarily have compact support. So, we have the following prosition:)

Proposition: If o € Q*(E) and w € Q7 (E), then o Aw has compact vertical support. (Proof: Let K be compact in M:
supp(oA) Nm~H(K) C (supp(o) Nsupp(w)) N7~ 1K) C supp(w) N7~ 1(K), use the fact that closed subset of a compact
set is compact, (supp(cA) N7~ 1(K) is closed in E so closed in 7~ !(K)), the proposition is proven, i.e. ¢ Aw € Q7 (E).

Then, going back to the proof of the projection formula. Proof: it suffices to prove the equality in a chart (U x
R", 2!, ..., 2", ¢t .. t"). If w is type I, both sides are zero. If w is type II, then w = f(x,t)dt' A dt" A dz’, then
LHS = m(f(z, t)dt' A--- Adt™ Ada? A h(z)da!) = ([ fz, t)dt*---dt™) A da’ A h(z)da! = 7. (w) A 7, the projection
formula is proved.

Thom isomorphism theorem defines (r,)~': H*~"(M) — H}, (E), which is called the Thom isomorphism. Specifically,
H°(M) — H? (E), 1 — 77 1([1]), this says that on any oriented vector bundle, there’s a special cohomology class m; [1].
This class is called the Thom class:

Definition (Thom class). The Thom class is defined by ® := (m,)~1([1]).
The zero section s: M — E induces s*: H*(E) — H*(M), which defines s*(®).

Definition (Euler class). the Euler class e(E) := s*(®) € H*(M). (The Euler class is defined for the (oriented vector
bundle) E but it is actually a cohomology class of M.)

By definition: 7, (®) = 1, so the Thom class is the unique cohomology class on E with compact vertical support that
integrates to 1 on each fiber.
For any w € H*(M), 7. (® A 7" (w) = (me®) Aw = [1] Aw = w, so (m,) " H(w) = ® A T*w, i.e, the Thom isomorphism is
the Thom class wedge with the pullback:
(r) 7 (=) = & AT ().
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1.14 Lecture 14: The generalized Mayer—Vietoris sequence

Def: a linear order on a set A is a relation < s.t. (i) (comparable) Va,y € A, either x < y or y < x. (ii) (reflexive)
Vo € A, it is not true that = < z. (iii) (transitive) If x < y and y < z, then = < z.

Suppose M has open cover {Uy, }aca, indexed by linear order set A. Notation: Uag...c, = Uqay N+ NUq,.

w € Ha0<“_<a0 Qq(Uaom%) < w has components wq,...o, o0 each intersection Uy, ...,, and each intersection is a g
form.

Generalized Mayer—Vietoris sequence. We have the following long exact sequence:

0 (M) 5 J][2W0a) & [ YWapear) = [ 2Wasaras) = -

ap<ay apg<ar<az
5
= JI 9Ua.0,)> ]  Q2Wagaps) =
< <oy o< <Qpigq

Definition (Alternating difference). the Alternating difference 6: let w = (Way...a,) € [[Q2¥(Uay...a,), then (0w)ag...a,,; =

2

is omitted.)
“p+1

Zf:ol(—1)%,10“,(341.m%+1 |Ua0,.,ap+1' (Usually the notation “|y,

Example: (0w)aga; = Wa; — Wagr (0W)aparas = Waras — Wagas + Waga -

Theorem: 62 = 0. (Prove by check.)

Then, we need to show that kerd C iméd. To do this,

Def: a cochain homotopy K: []Q9(Uay...a0) = [1929(Uag...ap_1), With (Kw)ag...ap_1 = D0 PaWaan...ap—_r» Where {pq }
is a C°° partition of 1, subordinate to {U,}. (Here we allow the subscript indices to be in arbitrary order, with the
convention w. ... = —W.. 8. .a..-)

[Here the basic task is to go from the intersection to the individual open set. When we want to achieve that, we need
to choose a partition of unity. The basic picture is in the book, P23, Fig. 2.1, where the example is f(x) = csc(z) and
pu + pv = 1, the partition of unity. This is what we did above.]

Theorem: 6K + K0 = 1: [[Q(Uq...q,) = Q(Uay...a,)- (Prove by check.)

So kerd C imd, as w € ker we have w = (0K + Kd)w = §(Kw) € imd.

Combining the above two sides, we have that the generalized Mayer—Vietoris sequence is exact.

(The generalized M-V sequence has two indices, p and g. This motivates the following definition:)

Definition (Double complex). A double complex is K = KPP with two anticommuting differentials D’, D"

where D'D"” = —D"D'. Typically we arrange them as

P,qEZ

q=2

D/ 1"
qg=1 4411444
q=0

Def: the associated single complex is defined as K = @,,., K", where K" = KP4 with D= D"+ D"”. (Easy

to see that D? = 0.)
We can make a double complex out of the genearlized Mayer—Vietoris sequence. This gives:

ptg=n

Definition (Cech-de Rham complex). The Cech-de Rham complex is defined as KP4 = Ha0<m<% Q1 (Ung...ap) =
CP (i, Q9), where U = {Uy }aeca, with D’ = §, D" = (—1)Pd. This looks like

CP(4U, QI+1)

d

CP(44,0Q9) RN CPHi(y, Q9)

dé = éd gives D'D" = —D"D’.
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The special property of the Cech-de Rham complex: its rows are exact, except for the p = 0 term.

[In Cech-de Rham complex, the kernel of § is the forms on open sets that agrees on their pairwise intersections, that’s
a global form, so the kernel of § is precisely the global forms, Q7(M).]

Define the augmented complez by appending a column on the left (the p = —1 column) K %7 = kerd: K% — K14,
This column is called the augmented column. (For the Cech-de Rham complex, this augmented is K19 = Q4(M).)

Theorem: If all rows of the augmented first-quadrant complex are exact, then Hj, (aug. col.) = H}(K), where
K=a,K"

Theorem: H*(M) ~ H5{P CP(U,Q?)}. This offers another way to compute the cohomology of M.

1.15 Lecture 15: Cech-de Rham Isomorphism

What’s special about Cech cohomology is that it only depends on combinatorics (how open sets of a good cover intersect),
doesn’t depend on geometry or topology.

Recall from last time: we introduced the Cech-de Rham complex: C? (4, Q7) = [Mog<-ca, 2(Uag...a, )

Then we can augment the complex by p = —1 line:

0 —— QI(M) —"— CO(U, Q1) —— CL(4,Q9) —2— ...

(R
] i i

0 —— QM) —— CO(, Q%) —— CH(, Q) —— -

p=-1 p=0 p=1
where r is restriction map. Then we had the theorem (Generalized Mayer—Vietoris principle): If a manifold M has an
open cover Y = {U, }aea indexed by a linear ordered set, then r: Q*(M) — C* (4, Q*) induces a linear isomorphism
r*: H*(M) — Hp{C* (4, Q")}.

Lemma (shortening lemma) write the horizontal D’ = §. If the rows of a double complex K are exact except possibly
at 0-th term, then a cocycle ¢ = ¢g + - - - + ¢, of degree n can be shortened in its cohomology class, so that it has only the
top component. Pictorially the lemma says we can go from left to right in (1.11)):

0 0
D/T D/T
Cg — ao
o = (1.11)
c1 — 0
D//
Co — 0 0

[Recall that a double complex K is a 2D array with D'D” = —D” D’ and that whenever we have a double complex K
we can define its associated single chain complex. The single chain complex has cohomology whose element is [c¢] where
¢=co+---c, where ¢; comes from diagonal entries, and De = 0 requires that d¢; = D”¢;q1.]

Proof: Take as an example of n = 2: D(c) = D(co+c¢1+ca) = D"co+ dcg+ D" ¢y + ¢y + D" eq + deg = 0, so we must
have D"cqg = 0, dcg + D"cy =0, dc1 + D" co = 0, and dcp = 0. Since the rows are exact, dco = 0 = by in the entry left
to C2 s.t. 61)2 = C2,

0
o't s
co —
D//
cl —
D//T D//T

0
b2*>024>0

Then consider ¢ — Dby = ¢g + ¢1 + ¢cg — (D"by + db2) = ¢o + ¢ — D”ba, ¢ — Db is in the same cohomology class as ¢, but
shorter. Then we can apply the same procedure to shorten it; repeat until we end up with ag € K%". Because the rows
are not necessarily exact at the Oth term, the process stops. We get b s.t. ¢ — Db = ag € Ko™,
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With this lemma, let’s go to proving the Generalized Mayer—Vietoris principle.

First, surjectivity of r*: H*(M) — Hp{C*(84,2*)}. Proof: let ¢ be a cocycle in C*(il, Q*). By the shortening lemma,
we may assume ¢ = ag € K%, Since Dag = D"ag + dag = 0, and D"ay and day are in different entries, we must
have D"ag = 0 and dag = 0. Since the augmented rows are exact, so there 3 w € QF(M), s.t. 7w = ag. We have the
commutative diagram

dv —-—= 0

[,

w—"ag —250

Now, since r is injective (because it is a restriction map), dw = 0, so [w] € H¥(M) maps to [ag] = [c], under r*.

Then, let’s prove the injectivity of r*: H*(M) — Hp{C* (s, Q*)}. Suppose w € Q*¥(M), dw = 0, and rw = Dc =
D(co+cy+---) for some ¢, further we have rw = D" ¢+ (6cg+ D" ¢1) + (6¢1 + D" c3) +- - - . To prove injectivity, consider
¢ s.t. Dc =0, then by the same argument as the shortening lemma, we can shorten ¢’s in its cohomology class until it
has only top components ag:

w = rw r
w — Tw
T iT "
co — ¢ T,D
0 N T —a — 0 7
clT —
co — 0

ie., 3bst. ¢c=Db=ag € K" 1 and rw = D"ag = Day (since dag = 0). Since augmented rows are exact, there 3
7€ QF~1(M) s.t. r7 = ag. We have r(dr) = D"rr by the commutativity of the diagram; and D"rr = D"ag = rw, since
r is injective, d7 = w. Thus, we have shown that r*[w] = [rw] = [0] = [w] = [d7], therefore r* is injective.
This completes the proof of the generalized Mayer—Vietoris principle.
It gives a new way (at least in principle) of computing the de Rham cohomology, using the double complex Hp{C* (L, Q*)}.
Def: Cech Cohomology of an open cover: In the above we augmented the rows. Now we can also augment the
columns. If d: Q°(U) — Q' (U), then kerd = {locally constant functions on U}, So ker (d: [1o, Q(U,,) — [, Q' (Ua,))
is [ [, R(Uay) = CO(U,R), where we use R to denote locally constant functions. So now we have, after augmenting the
columns,

0 — QIM) —— CO(4,Q9) —2— CL(Y, Q)67 ——

R
i

0 —— QOM) —— OOy, Q%) —2— Cl(y,Q0) —2—

| |

CO(SL,R) ClLR)

Now that we have augmented the Cech-de Rham complex with a new bottom row K7~ = ker (d: CP(8,Q°) — CP(U, Q1)) =
Ha0<“_<% R(Uag...a,) = CP(LLR), (C*(LU, R),0) is a differential complex. This complex is call the Cech Cohomology of
an open cover.

Definition (Cech cohomology for an open cover). Let 4 = {U,}aca be an open cover of a topological space M,

indexed by a linear ordered state A. Then §
H(U,R) = Hs(C* (LU, R)).

(Cech cohomology is the cohomology of locally constant functions on open sets.)

Exactness of a column = H*(column) = 0.

If 4l is a good cover, then the augmented columns are all exact (i.e. the cohomology of all the augmented columns are
7€ero).

So all columns of double complex augmented with new bottom row are exact.

Theorem: If all columns of a first-quadrant double complex, augmented with a bottom row, are exact, then we have
i*: H*(bottom row) ~ Hp{K**}.

Apply to the Cech-de Rham complex (CP (4, Q9) =[] Q9(Uyy...q,)) with a good cover 4, we get the theorem:

ap<---<ap

16



Theorem (Cech-de Rham isomorphism for a good cover). If i is a good cover of M, then i*: H(U,R) =
Hp(C(84,97)). We also know HJ,(C*(4, %)) ~ H*, then this shows that the de Rham cohomology can be calculated
from the Cech cohomology with a good cover. To summarize:

H(U,R) ~ H*(M).

This also shows that the Cech cohomology of good covers is all identical.

The Cech-de Rham isomorphism for a manifold M will be given in Lecture 18.

Example: Cech cohomology of S': three open sets Uy, Uy, U, form a good cover (two won’t), so CO(4,R) = R(Up) ®
R(U) @R(U) = RER @R = {(ag,a1,a2)}; then CH(U,R) = R(Up1) © R(Up2) @ R(U12) = RO R @ R; So we have

0— CYU,R) LN CH(U,R) — 0, we have 6(ag, a1, az) = (a1—ag, as—ag, az—ay), kerd = R, imd = R?, H°(4, R) = kerd = R,
H($,R) = R?/imé = R. To summarize, we have H*({,R) = { R k=01

., which is isomorphic tothe de Rham
0, otherwise
cohomology H*(S%).

1.16 Lecture 16: Product Structures, Presheaves

Last time we proved the Cech~de Rham theorem for good covers: If il is a good cover of a manifold M, then there exists
a lienar isomorphism: H*(M) ~ H(S,R).

the Cech-de Rham theorem shows that the cohomology only depends on how open sets intersect in a good cover. The
graph (see P100) is called the nerve of a good cover.

Today, we will introduce product structure on Cech cohmology, to make it an algebra.

Products on a differential complex:

Def. Let (K =P, K*, d) be a differential complex (d? = 0), a product on K is a bilinear map p: K@ x K® — K*b,
denoted as u(a,b) or a-b or ab.

Proposition: If d is an antiderivation w.r.t. p, namely d(ab) = (da)b + (—1)9% %adb, then: (i) cocycle - cocycle =
cocycle. (ii) cocycle - coboundary = coboundary, (ii) coboundary - cocycle = coboundary.

Let Z(K) = {cocycles in K}, B(K) = {coboundaries in K}, (i) = Z(K) is a ring; (ii) = B(K) is a 2-sided ieal in
Z(K). So p: Z(K) x Z(K) — Z(K) induces a map H*(K) x H*(K) — H*(K). (The upshot is that, if one has an
antiderivation d w.r.t. the product u, then the product p induces a product in cohomology H*(K).)

Product on C*(4, Q*):

Def: —: : CP(4,Q9) x C"(U, Q%) — CPT"(U, QI7%), for w € CP(U, Q) and 7 € C" (U, Q%), we have (W~ T)ag...ap,, =
(_1)qrwa0map A Tapap+1...ap+r'

Theorem: (i) D = § + D" (recall that previously we defined D’ = §) is an antiderivation w.r.t. —; (ii) d is also
an antiderivation w.r.t. —: §(w — 7) = (dw) — 7+ (=1)¥8“w — §7, where deg w = p + ¢; (iii) (ii) D" is also an
antiderivation w.r.t. —.

The cup product is the wedge product on the 0-th column; r: Q*(M) — CO(U,Q*) — C*(4,Q*) is an algebra
homomorphism, and r*: H*(M) — Hp{C*({,Q*)} is an algebra isomorphism.

Cup product on the —1-th row: C°(L,R) LN CYU,R) LN C?(U,R) —, If w € CP(U,R) and 7 €€ C9(R,R), then
w—71€CPT(UR), (w—r7) = Wag...apTay...ap., (DOte that no sign in the front; no wedge product as this is a
trivilization).

Since § is an antiderivation w.r.t. —, — induces a product in cohomology: — HP? ([, R) x HI(4,R) — HPTI(L, R).
Since the inclusion map i: C*(4,R) — C* (8, Q*) preserves —, so does i*: H*(U,R) — HH{C*(U,Q*)}. Hence i* is

ey —1
an algebra isomorphism. Thus r*: H*(M) — H5{C*(U4,Q*)} AGPIN H*(4,R) shows that H*(M) and H*($,R) are
isomorphic as algebras.

[Curious factor: — on C*(4,R) is not commutative in any sense, but it is graded commutative on H* (£, R). Note
that w — 7 # (—1)d8wdee 77 _ o but we do have [w] — [1] = (=1)dee wdes T[r _ (] ]

Below we introduce the concept of presheaves (e.g. Q(—),R(—)).

Q.. Qppr

Definition (Presheaf). A presheaf F on a topological space X is a function that assigns to each open U C X an abelian
group F(U) and each inclusion iy : V C U of open sets a map p{: F(U) — F(V), the restriction, s.t. (i) p(15) = 1w,

(ii) if W C V C U, then F(if; o i{/) = F(i{Y) o F(i;), i.e. pl, = pyy 0 p¥-

[Using the langauge of category and functors: a presheaf is a contravariant functor from Open(X) = {open sets in X, inclusions o
(the category of open sets (as objects) and inclusions of open sets (as morphisms)) to AbGrp, the category of abelian
groups.]
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Def: a homomorphism from presheaf F to G is a collection of group homomorphisms, fi;, one for each U € Open(X),
s.t., if V' < U, then the following diagram commutes:

FU) L% g

)
lf‘[f lpg
)

Fv) L gv

Alternatively, a homomorphism of presheaves F and G is a natural transformation of functors.

Example: let G be an abelian group, G(U) := {locally constant functions: U — G} is a presheaf.

Above we defined presheaves for topological spaces. Below we define presheaves on an open cover. Let $1 = {Uy }oca be
an open cover of a topological space X, and let Open(4l) = {all finite intersections of open sets in 4l, inclusions of open sets}.

Definition (Presheaf, categorical). A presheaf on il is a contravariant functor from Open(il) to the category AbGrp.

Example: let m: E — M be a C* fiber bundle, with fiber F', and ${ = {Us}aea & good cover of M. Then define
H*(U) := H*(r~U) = H*(U x F) = H*(U) ® H*(F) = R® H*(F) ~ H*(F) (for U € Open({), so U ~ R,
7 U ~UxF).

Def: let G be an abelian group. A presheaf F is locally constant with group G if VU, F(U) ~ G, and Vi: V — U,
pY: F(U) — F(V) is a group isomorphism.

1.17 Lecture 17: Cech cohomology of a topological space

How we can get the Cech cohomology to be defined for a topological space, not just for a good cover?

This lecture sets up the stage; main results in the next lecture.

Existence of a good cover:

Def: A Riemannian manifold is a manifold M with an smoothly varying inner product < , >, on T,M, Vp € M.
(On a Riemannian manifold, length and geodesics make sense.)

Def: a set in a Riemannian manifold M is geodesically convex if Vp,q € M, 3 a geodesic joining p and q.

Need two theorems in differential geometry:

Theorem. (i) On a Riemannian manifold, every point has a geodesically convex neighborhood; (ii) a geodesically
convex open set is diffeomorphic to R™.

Theorem. Every manifold can be made into a Riemannian manifold.

Theorem. Every manifold M has a good cover. Proof: For every p € M, let U, be a geodesically convex neighborhood,
then {U, }penr is a good cover of M.

Def: An open cover {Vz}gep refines U = {U, }aca if every Vi C U, for some « € A.

In this case, we say U is refined by V', written as { < 0.

(It can happen that { < U and at the same time U < i, e.g V' C X, then 4 = {X} and U = {X, V}. In this case we
call 4l and U refine each other.)

A refinement 4 < U is given by a refinement map ¢: B — A. s.t. Vg C Uy p).

Theorem: every open cover i = {U,}qca of a manifold M has a good refinement. (a good cover that refines $l.)
Proof: make M into a Riemannian manifold; Then any U, € il is also a Riemannian manifold; Vp € U,, choose a good
convex neighborhood Ug C Uy, then {Ug o }aca,seu, is a good cover that refines 4l.

Theorem: Two open covers i = {U,} and U = {V3} have a common refinement #H (an open cover that refines both).
(Proof: let H ={Us N V3}aca,pen- )

Def: A directed set is a set I with a binary relation < s.t. (i) (reflexive) Va € I, a < a; (ii) (transitive) If ¢ < b and
b < c then a < c. (iii) (upper bound) Va,b € I, 3c € I s.t. a <cand b < c.

Example: (i) {all open covers of topological space X, refinement} is a direct set. (ii) (R, <); (iii)(Open(X), C). (iv)
{C* (L[, R)}ue{Open covers of X}-

Def: A direct system of groups is a collection {G;};cr indexed by a directed set I s.t. Va < b in I, 3 group homomor-
phism f2: G, — Gy, satisfying (i) f¢ = 1g,, (ii) if a < b < ¢ then fo = fbo f2.

Geodesically convex open sets: When U and V' are good convex, U NV may be disconnected, so not good convex; it
is not true that (good convex) N (good convex) is good convex.

The direct limit:

Let {G;}ier be a direct system of groups, indexed by a direct set I. Define equivalence relation ~ on II;c;G;: gPa € G,
and g, € G} are equivalent, if for some a ~ b, if for some a < ¢ and b < ¢, we have f%(g.) = f2(gs)-

Def: hm G1 = (HlGIGZ)/ ~ .

—,iel
lim Gi is a group with [ga] + [g0] = [/ (90) + f2(av)]-
Cech cohomology of a topological space:
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Let X be a topological space with open covers U = {Uy}q ina and U = {Vz}gep. Assume U < U with refinement
map ¢: B — A s.t. Vg C Uy, let F be a presheaf on X.

Define ¢#: CP(8, F) — C?(, F) (where C*(U, F) = [1, <...ca, F Uaq...a,) and CP(B, F) =15 <...cp, F(Vso...5,)):
with (¢# (W)Bo...8, = We(Bo)...6(8,)- Lhis map depends on the refinement map, but we have to show that it gives us the
same cohomology.

Theorem: ¢ 0§ = 6o ¢™. (so that it induces a map in cohomology, and then we can take the direct limit.)

1.18 Lecture 18: Cech cohomology of a topological space

So far, we have defined Cech cohomology only for a good cover. Last time we set up the stage: we caled about a direct
system of groups:
Def: a directed set is a set with binary relation < that is reflexive, transitive and has the upper bound property.
Example: let X be a topological space, then ({all open covers of X}, refinement) is a directed set.
Now, we adopt a different point of view — category point of view:
A directed set I forms a category, where the objects are elements of I, and for a, b € I, Mor(a,b) = { g —b ifa< .b’ .
, otherwise

Def: A directed system of groups indexed by a directed set I is a covariant functor: I — category of groups,

namely, Va < b in I, 3 group homomorphism f&: G, — G, satisfying (i) f2 = 1g,, (ii) if a < b < c then f2 = fbo f2.
Def: given a direct system of groups {G;}ics indexed by a directed set I, then we define the direct limit lim_—e—} G; =

(W;e7Gy) [ ~, where g, € Gy ~ gy € Gy if 3c>a and ¢ > bs.t. f4(g9a) = f2(gp)-
Definition (Cofinal set). A subset J of a directed set I is cofinal if Vi € I, 35 € J s.t. i < j.

Theorem: every open cover I of a topological space X has a good refinement (i.e. a good cover U that refines &I,
denoted as 4 < ).

Thus, {good covers of X} is cofinal in the directed set {all open covers of X}.

A cofinal subset J of a directed set I is also a directed set. So the direct limit liI_I} G is defined.

jeJ

(Any subset inherits the reflexive and transitive properties, but only the cofinal subset inherits the upper bound
property.)

For g, € Gq, let [g.]1 be its equivalence class in limfgI G;.

7

Suppose g, € G, and g, € Gy, for a,b € J, and they are equivalent in J (Namely 3 j € J s.t. a < j and b < j and

[(9a) = f]l? (gv)), that means g, and g, are also equivalent in I. This means 3 a map:

im G; — im Gy, [g;]5 = [9]1- (1.12)
jeJ i€l

Theorem. If {G;}icr is a direct system of groups, indexed by a directed set I, and J is cofinal in I, then the map in
Eq. (1.12)) is a group isomorphism.

(Proof by direct check.) )
Now, go back to Cech cohomology: let’s consider Cech cohomology of an open cover with coefficients in a presheaf F:

Definition (Cech cohomology of an open cover with coefficients in a presheaf F). Let F be a presheaf on a
topological space X, and 4 = {U, }aca an open cover of X. Then CP(U, F) = Ha0<m<% F(Uay...ap), and 0: CP (LU, F) —

CPTH(U, F), (0w)ap...ap, = Zf“(—1)iwa0,“@i,n%+1, where the wa,..4;...a,,, should be understood as the one that restrict
t0 Ung...a,,,- Then we have 62 = 0, and H* (8, F) := H* (C* (8, F)).

We need for 8 < 0, a map py;: H*(80, F) — H*(0, F).

Suppose U = {Us }aeca, T = {Vs}pen, with refinement map ¢: B — A, s.t. V.5, C Ugsy)...6(8,)-

(Step 1 is to if we have a refinement map, it gives a map on the cochain groups; step 2 is to show this is a cochain map
so that it induces cohomology. Step 3 is to show that another refinement map, although giving different cochain maps,
gives the same map in cohomology.)

Step 1: Define ¢7 : CP(U, F) — CP(, F), then w € CP(4, F) is mapped to (¢7w) with (Qb#W)ﬁo...Bp = p@;fo);'¢(5”)w¢(50)4,,¢(ﬁp),
B
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Step 2: ¢# 0§ = § o ¢#. (Proof by check.) Thus ¢# induces a map in cohomology (¢#)*: H* (4, F) — H* (0, F).
Step 3: If ¢»: B — A is another refinement map for & < 0, then (¢7)* = (#)*.
CP=Y (U, F) —— CP(U, F) —2— CPH(YU, F) ——

I
CP=Y(Y, F) —— CP(V, F) —— CPHL(Y, F) —

We want K: CP(U,F) — CP7Y(U,F) st. 0K + K§ = ¢# — ¢#. This is fulfilled by defining (Kw)g,..5,, =

—1 i
2oim0 (=1)"@o(80)...0(8)0(8.)... 48, 1) (Proof by check). ) ]

Combining the above three steps, we have shown that for 4 < 9, there’s a well-defined map p%  H*(W,F) — H*(0, F).
This makes {H (8, F)}y into a direct system of abelian groups.

Definition (Cech cohomology of a topological space). We define

H*(X,F):= lim H*(U,F) = lim H*(U, F),

4l all open covers U all gc;od covers
where the last equality is by the theorem above that says Eq. (1.12]) is an isomorphism.
Previously, we have proven that for a good cover i of a manifold M, fy: H*(M) ~ H*(4,R).

For good covers 4 < ¥, we have

~ u ~
H*(4,R) Py H*(T,R)

e > lm HUER)=H'(ME),
fu Soall goioﬂd covers

H* (M)

we arrive at:

Theorem (Cechfde Rham isomorphism). For any manifold M, we have

H*(M,R) ~ H*(M).

1.19 Lecture 19: Cohomology of a double complex

Let K = @ KP? with commuting differentials § and d, and define D! = 6, D" = (—1)Pd, let D = D' + D" = § + (—1)Pd,
there are 3 cohomology groups: Hp, Hs, Hy.

aq .,

—

Since § commutes with d: K*7 — K*971 § induces a map on Hy := Hy(K), — H;’O 4, H;’l LN H;? i), with 62 = 0, so
HsH, is defined. Similarly, HyHj is also defined.
Q: What are the relations among Hp, Hs, Hy, HsH,4, and HyHs?

Tic-tac-toe lemma.

If g9 .— ker(d: KP 9 KPatly
d 7 im(d: KPa—15KP:q)

Proof:

An element of HsHg: [a]q is defined if and only if da = 0, then take [[a]4]s is defined if and only if [a]s is defined
and [a]q is a d-cocycle, i.e d[alq = [0]4, i.e. da =0 and da = db = —(—1)Pd(—(—1)Pb) = —D" ((—1)Pb) = —D" ¢ for some
——

c

has only one nonzero row, then HsHy; ~ Hp.

b € K. Pictorially, the K complex looks like

0
dr )
ag —
D//T
c
al - 1 "
Note that we use 4+ to mean that da; = —D"as, so that da; + D"as = 0.
ag
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Since Hgy has only one nonzero row (say the nth row), the same is true of HsH,.

Lemma (extension lemma): Assume K?'? =0 for ¢ < 0 (i.e. the 1st and 2nd quadrant complex) and the only nonzero
row of Hy is the nth row. If we [[agld]s € HsHg, then ag can be extended to a D-cocycle.

The K complex then looks like

0
— T 5 5
g=mn aygy — — 0
T T
aq —6> 501
T (1.13)

a2

0

T

a, — da,

[The essence of chasing on the diagram (1.13)): going rightward is as easy as 2 = 0; but going downward is hard (and
generally cannot be achieved) because it is opposed to d. But going downward is achievable here thanks to the hypothesis
that H¢ = 0 for the rows below the ¢ = n row.]

Above we have found ag and a;. So D(ag+ay) = dag+ (dag+ D"a1)+day = day. Now, d(day) = dda; = 0, since Hy of
the entry of da; is 0, so da; = —D"”ay for some ay € K. Repeat the argument until we extend ag+a; to ag+ai+---+ay,,
with a, in the bottom row, which satisfies da,, = —D"a,+1 = 0 for a,,+1 below horizontal axis. So a :=ag + -+ + ay, is
a D-cocycle. Define h: HsHy — Hp by [[aolals — [ao + -+ + an]p. (We also need to show that [[ag]a]s = [[bo]als and
a:=ag+--++a, and b:=by+ -+ b, are D-coycles, then [a]p = [b] p, so h is well-defined, which we omit here.)

Then, for g: Hp — HsHy:

Lemma (shortening lemma): [See also (L.1I).] Assume the only nonzero of Hg is the nth row. If a D-cocycle
a = ag + a1 + - -+ has the top component ay above the nth row, then it can be shortened in its D-cohomology class until
it has no component above its nth row.

(Outline of proof: start from ag at some row ¢ with ¢ > n, since Hy = 0 at this row, then ag = D"bg for some by one
entry down, so subtracting Dby from a will kill ag. This can be repeated, until when reaching ¢ = n, giving an element
of Hp where the top component is in the nth row.)

Now, the lemma gives an element of Hp where the top component is in the nth row. Then define g: Hp — HsHy as
[ap + - - - an]p > [[ao]d]s. (Then we still need to show that g is well-defined, i.e.: a =ag+a1+ - andb=bg+by +---
are D-cocycles, with ag, by in the nth row, assuming that the only nonzero row of Hy is the n-th row, then prove that if
[a]p = [b]p then [[agla]ls = [[bo]a]s. Proof omitted.)

It is easy to check that go h = 1g,p, and ho g = 1§, proving the Tic-tac-toe lemma.

On the other hand, if there’s only one column of Hy that’s nonzero, then define h: HsHy; — Hp (by extending to the
right side of the column), and g: Hp — HsH, (by shortening the left side of the column), in the way similar to previous
proof.

So we proved that:

Theorem: assume KP? = 0 for ¢ < 0. If Hy has only one nonzero row, or only one nonzero column, then HsHy ~ Hp.

By symmetry, we have

Theorem: assume KP4 =0 for p < 0. If Hs has only one nonzero row or column, then H;Hs ~ Hp.

Combining the two theorems we get:

Theorem: Assume K is a first quadrant double complex, Hy has only one nonzero row or column = HsHy ~ Hp; Hg
has only one nonzero row or column = HyHs ~ Hp.

Now, apply this to the Cech-de Rham complex: the complex K reads

CO(4, Q1) —— C?(U, Q) ——

[ [ |

CHe QI ) —— O, Q7)) ——

which has exact rows except at the zeroth column, then taking Hgs, we have Hs = , and further take Hy

H?*(M) 0 0
we get Hp ~ HyHs =| H*(M) 0 0 .
HO(M) 0 0

21



On the other hand, if 4 is a good cover then the columns are exact except at the zero row. In this case, take

0 0 0
H; to K first we get Hy: Hyg = 0 0 0 , and further take Hs we get Hp ~ HsHy; =
C°LR) C'(UR) C*(LLR)
0 0 0
0 0 0

HOWR) HY(WR) H(LR)
The Tic-tac-toe lemma says that Hp, = H (4, R) ~ H"(M), which is the Cech-de Rham isomorphism for a good cover.

1.20 Lecture 20: The Thom isomorphism revisited

Thom isomorphism: for an oriented vector bundle 7: F — M over a manifold M of finite type, integration along the fiber
gives an isomorphism: 7, : H4 (E) = H9 " (M), where r is the rank of F (i.e. the rank of the fiber).
Oriented because the way we proved the theorem we need the fiber to be oriented to do the integral on the fiber; need
finite type because the way we proved the theorem was by induction.
Today, we’ll prove the theorem using double complexes, and this will allow us to remove these two hypotheses.
Presheaf HY :
Def: let m: E — M be any vector bundle of rank r over any manifold M. Then, for U C M an open set, define the
presheaf HE, (U) := Hi (r~1U) = H% (E|y). (This definition does not reply on orientability.) The presheaf associates to
the open set U an abelian group.
If V.C U, then p¥: HZ,(U) — H2,(V), which is just the restriction map H (E|y) — H% (E|y).
Suppose il is a good cover of M, and the vector bundle 7: E — M is oriented, then Open({l) = {all finite intersections of Uag...a
For Uq,...a,, € Open(il), Uq,...q, is diffeomorphic to R", then HZ, (Elv,, ., ) = H&(Uag...a, xR") = H17"(Usg...a,) =
R forg=r
{ 0 forq#r
Theorem: on a good cover 4 of M, HZ, (M) = R = presheaf of locally constant functions.

cv

, where the generator for the ¢ = r case, H%(Uy, . .a,) is generated by the locally constant functions.

Theorem (Mayer—Vietoris sequence for compact vertical support). Let &l = {U,}aca be an open cover of a
manifold M and 7: E — M a vector bundle of rank r. We have the following exact sequence

T 4 5
0—Q%,(E) 5 [[4(Elu.,) = ] 94 Elva.,) =
ag

ap<ay
Proof: same proof as for the Mayer—Vietoris for ordinary forms. Omit here.
Cech—de Rham complex for complex vertical support:

Same hypothesis as in the Mayer—Vietoris sequence above. Let 7~ = {7~ 1(U)|U € U}, this is an open cover of E.
Def: KP9 = Cp(’ﬂ'_lu, ng) = Ha0<__4<ap ch(ﬂ—_anomap)v Le.

Hﬂg;rl(ﬂfanomap) i> HQg;rl(Wiano---apH) —

il i

K= HQZU_I(TF_anO-H(Xp) 2 HQq_l(W_anO---ap+l) —

cv

il i

(105 (7 Wap. a,) - 190 (7 Way0yr) — -

QIFYE) 0 0
the rows are exact, except for the Oth terms. Taking Hy, we get Hs = | QL (E) 0 0, and we have HyHs =
QLE) 0 0

HEFY(E) 0 0
HY(E) 0 0.
HSYWE) 0 0

By the tic-tac-toe lemma, since Hy has only one zero column, HqHs ~ Hp{C*(m~4, Q% )}

On the other hand, let & be a good cover of M. For Uy,..q, € Open(i), HI, (77 (Usy...a0) = HL(E|y

e

H2 (Upg..ap X R") = HI7" (Uny.00) = { I§ g;: . Then we have
0 0
Hd: HHgv<7r_1Uao) Hgv(ﬂ-_lUOtooél)
0 0
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we have [, c..cq, He(m “Wag...a,) = CP(84,HL,), so Hq above has a single nonzero row which is

Hy: 5 cr(s, M) S orri (s, HE,) —
and we get 5 §
HﬁHd :‘ Hp(uaHZv) Hp+1(uaH£v)
since Hy has only one nonzero row, by the tic-tac-toe lemma, for a good cover, we have HsHy(K) ~ Hp(K) =
Hp{C*(r~'4, QF,)}.
Combining two parts, we have:
For any vector bundle 7: E — M and 4 a good cover of M,

HE(B) = HT" (W H,,),

without additional conditions like oriventability or finite type. 5
Thus, for any good cover & of M, H?~" (4, H7, ) is all isomorphic to H?, (E), therefore HZ (E) = lim  HT"(H,) =
good covcrs )1t

H*"(M,HL,), because good covers are cofinal in all open covers of M. Thus we have:
Theorem (Thom isomorphism). For any vector bundle 7: E — M over any manifold M,

HY (E) ~ H""(M,H~,), (1.14)
(F need not be oriented, M need not have finite type.)

Theorem (Thom isomorphism for oriented vector bundle). If 7: E — M is an oriented vector bundle over any
manifold M, then H], ~ R, so

H1(E) —=— H"(M)

- =

H"(M,R)
Here, the vertical isomorphism is what we just proved; the diagonal one is the Cech-de Rham isomorphism we proved
earlier. The horizontal one is the original Thom isomorphism, except that now M need not be of finite type.

1.21 Lecture 21: Spectral sequence of a filtered complex

Def: a differential group is an abelian group G with a group homomorphism d: G — G s.t. d?> = 0. Then imd C kerd and
H(G) = ke jg defined.

imd

Definition (Spectral sequence). A spectral sequence is a sequence (E,., d,.) of differential groups s.t. E, = H(E,_1).

(Double complex with commuting d and § is an example of a spectral sequence.)
( “Spectral sequences are genearally considered an advanced topic; in algebraic topology maybe you learn it at the end
of two years of algebraic topology; the advantage of using differential forms is that we can do it in one semester.”)
Exact couples:
Definition (Exact couple). An ezact couple is an exact triangle of abelian groups A, E and group homomorphisms
i, 7, k:
A—"1 A

]:\ )/] (1.15)
E

As Eq. (1.17)) takes too much space, we sometimes write it as (A, E, i, j, k).
Example: let 0 - C — C — B — 0 be a short exact sequence of cochain complexes. Then 3 a long exact sequence
— H"Y(B) - H"(C) — H"(C) — H"(B) — H""(C) — - - which is

H""H(O) }\
H™(C) — i

: (1.16)
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we write it as

X / (1.17)

where H(C) = @, H'(C) and so on. Note that k is the connecting homomorphism.
E has a differential: define d: E — E by d = jok, then d*> = jkjk = 0, because kj = 0 (because the triangle is exact).
Proposition: In an exact couple (A, E,i,7,k), k: E — A induces a homomorphism k': H(E) — i(4) s.t. k¥'([e]) = ia
for a € A. (Let [e] € H(E), then de = 0, i.e. jke = 0, therefore ke € ker(j) = im(i), therefore 3 ke = ia for some a € A,
therefore define k'[e] = ia.) (Exercise: show that k' is well-defined, i.e. it is independent of the choice of e and a.)

Definition (Derived couple). From the exact couple (1.17)), define a new exact couple, called the derived couple

Ao i(A) - i(A)

'\ / = "k\ / (1.18)
H(E)

where we define ¢/ (ia) := iia, j'(a) = j'(ia) = [ja] € H(E) = E’ (a/ = ia for some a € A).

To show j' is well-defined, need to show (i) ja is a cycle (d(ja) = jkja = 0) and (ii) o’ = ia is independent of the
choice of a (Suppose a’ = ia; = iag then i(a; — az) =0, so a1 — as € keri = imk, so a1 — as = k(e) for some e € E, and
j(a1 — az) = jk(e) = d(e), so [jai] = [jaa]). Thus j'(a’) is independent of the choice of a € i~1({a’}).

Although i: A — A may not be injective, we use the notation i~!(a’) to mean any element in i~*({a’}). So we can
write j'(a’) = [ji~ta’].

Now that we have defined ¢/, j/, k. We have the following theorem:

Theorem. The derived couple ([1.18]) is an exact couple.

Definition (Spectral sequence of an exact couple). Starting with an exact couple (A, E, i, j, k) = (Ao, Fo, 0, jo, ko),
by taking derived couples, we get an infinite sequence of exact couples (A, E,., ., j., k), we have E, = H(E,_1). This
produces a spectral sequence (E,,d,.) associated with the exact couple (A, E, i, j, k).

The terms (i.e. pages) of a spectral sequence:

In an exact couple (4, E, 1, j, k), the derived couple A’ = i(A) C A,

In this spectral sequence: A D A1 D Ay D A3 D +-+; 4p: A — A, is the restriction: i, =i|a,, A, = i0---i A.
r—1 times

Below we define the concept of filtered complexes. We first define a few things:

Def. A cochain complex is a sequence of abelian groups K = @, K" K~! Logo Dy g1 By sh. D2 =0.

Def. A subcomplex is a subgroup K' C K, s.t. D(K') C K'.

Definition (Filtration). A filtration on K is a sequence of subcomplexes K = Ko D K1 D Ky D -+

Def. The associated graded complex is written as GK := EB;O:() K,/Kpy1. GK has a differential: D: K, — K, takes
Kpt1 to Kptq, it induces D: K,/ Kp411 — K,/ K,

Example (GK not isomorphic to K). Let K = Z, with filtration Z D> 3Z D 0, GK = (Z/3Z) ® (3Z), which is not
isomorphic to K = Z (because GK has torsion but K does not).

Example (GK =~ K). let K be a filtered complex (defined below) of vector spaces with filtration {K,}7°,, then
GK = @,~( Kp/Kp+1, with dimGK = (dimKy — dim(K})) + (dimK; — dim(K3)) +--- = dimK. Since two vector spaces
of the same dimension are isomorphic, so we have GK ~ K.

Now, we are ready to define:

Definition (Filtered complex). A filtered complex K is a cochain complex
K= k"K' 5 K2 k2 K2 Dy K5

where D? = 0, with a filtration
K=KyD>DKiDKyDKz3D---

(i-e. a sequence of subcomplexes {K}o° with D(K),) C K, for all p.).
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Below, we define spectral sequence of a filtered complex.

Let K = @,~, K" be a filtered complex with filtration {K,}72,. We extend K" to all n € Z by setting K" = 0 for
n < 0. Define C' = 69;1700 K,.

(Basic understanding should be that there are a lot of repetitions in C!!)

Define ig: C — C the inclusion map K11 C Kj; B = @;o:_oo K,/K,11, we have an exact sequence 0 — C 20—

B — 0, a short exact sequence of cochain complexes.

C:= K_ ;= Ky D K1 D Ko D
C:= Ko,= K_ ;= KoD K> - (119)
B:= 0 0 Ko/Kl Kl/Kz

050202 B o gives rise to an exact couple [c.f. Egs. (1.16) and (1.17))]

H(C) . H(C)
H(B)

Definition (The spectral sequence of a filtered complex). The spectral sequence of K = @f;o K™ with filtration
{K,}pez (K, = Ky for p < 0) is the spectral sequence of (H(C), H(B),1i,j,k).

1.22 Lecture 22: Spectral sequence of a filtered complex of finite length

Recall the spectral sequence of a filtered complex:
Let (K = @ K™, D) be a filtered complex, with filtration K = Ky D K; D Ky D ---. Extend Ky to all p € Z by
Ko =K for p <0.
For each p, ig: Kpy1 — K, so can define ¢y: @pGZ Ky — @pez K, So can take the quotient 0 = K,11 — K, —
Kp/Kp+1 — 0, and
0— @ Kpi1 < @K, = @ Ky/Kpi1 — 0
pEZ PEL PpEZ

Il Il Il
0 C o o0 B 0

(1.20)

This short exact sequence of differential complex induces a long exact sequence in cohomology, which is the exact
couple given in Eq. (1.17). Call the above (A1, F1,1i1,j1,71). Taking derived couples gives

A, I A,
X / ’

E, = H{Er—la dr—l}

i.e.
HC) ——— H(C) A — 2 5 4 Ay =i, —— 2 5 Ay = iA,
';C\ /J = k;\ ’/jl = ‘,62\ ,/] =y (1.21)
H(B) Ey H(Ey)

this gives the spectral sequence of (K, D), {E,}22,.

Below we define induced filtration on Hp(K).

Ay = H(C)=H(P K, = P H(K)) is the direct sum of all the terms in the inclusion maps: H(K_,) = H(K) =
H(Kp) < H(K;) <~ H(K3) « -

As = iA; is the direct sum of all the terms in --- = iH(K) = iH(Ky) + iH(K) & iH(K3) &2 s generally
(K) (K)
=H(K =H(K

not inclusion in this sequence, but the map iH (Kj) <= iH (K1) is indeed an inclusion (because in the sequence for A; we
do have iH (K7) maps to to H(Kp)), but the later ones may not be inclusion.

A3 = iAQZ 19 = 1: ZH(Kl) — iH(KQ), SO ’LZH(KQ) = imi C iH(Kl), i3 =1 ZZH(KQ) — iiH(Kg,), SO ZZ’LH(K;J,) =
imeg C Z2H(K2),
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Definition (Induced filtration). The above construction gives a sequence of subgroups

H(K) > iH(K)) > @H(K,) > #H(Ks) S
Il I I Il (1.22)
Fy B} Fy D) Fy D) F3 Do

called the induced filtration on H(K), induced by the filtration {K,} on K.

Now we see that there’s a natural filtration on the cohomology. It is this filtration that endows the derived couple
associated with a filtered complex a filtered complex itself.

Filtration of finite length:

Theorem: suppose (K, D) has a filtration of length 3 (for simplicity), then K = Ko D K; D Ky D K3 D 0, then (i)

Ay = A5 = Ag = ... i= A, (ii) iqg = 45 = ig = --- are all inclusions; (iii) Fy = E5 = -+ := Eo = GH(K) w.r.t. the
induced filtration.
Proof:
We have (note that we denote A; = --- in each row to mean that A; is the direct sum of the entries)
A= o +—— H(K_,) «—— H(K) = H(K,) «— H(K,) «— H(K>) <~ H(K3) « 0
I U U U U
Ay = - iH(Ky) = H(K) +—— iH(K,) +—— iH(K,) <~ iH(K3) +— 0
U U U U
As= - —— iH(K) «——— iH(K5) +—— iiH(K3) +—— 0
U U U
Ay = o —— iiH(Ky) +——— iiiH(K3) +—— 0

Note that the entries in the above are aligned from the left, and vertically related by subset relation so this actually
gives a commutative diagram. This commutative diagram shows that, in A4, all the maps ¢ become inclusions:

Since inclusion does not change the group, then we have A5 = i(A4) = A4, Ag = i(A5) = A5 = A4 and so on, therefore
Ay = As = A = ..., i5 = i4]a, is an inclusion, i4 = i5 = ig = - - are all inclusions. By exactness, imks = keriy = 0 so
ky =0, dy = j4 o ky = 0, differential is the zero map, so E5 := H(E4,dy) = Ey; similarly, By = E5 = Eg = - - -.
Ay is the direct sum of H(K) = H(K,) < iH(K) +> i*H(K,) < i*H(K3) + 0,
—— —— ~——— ———
=H(K)=F, Fy Py Fy
Ay = @p<=3 F,, i4 =14: Ay — Ay is an inclusion, where i: Fj,11 — F),

So 0 = Fpi1 — Fp — F,/Fpp1 — 0, D, <3 Fp+1 R D,<3p = Dpes Fp/Fp1 — 0 is exact (exactness seen from
the exact couple (Ay4, Ey4,i4, ja, ks = 0))

We have @2:0 F,/F,+1 = GH(K) (we do not need the negative terms because Fp = F_1 =F_3="--")

Thus we have proven the theorem for a filtration of length 3. So below we state the theorem for general length ¢:
Theorem (Spectral sequence of a filtered complex of finite length). Suppose (K, D) has a filtration of length ¢
(fOI‘ SiInpliCi'Ey)7 then K = Ko D K1 D Ko D K3 D -+ D Ky, then (1) Ag+1 = Ag+2 =...= Aom (11) To+1 = lg42 = -+ are
all inclusions; (iii) E¢41 = Epyo = -+ := Eoo = GH(K) w.r.t. the induced filtration .

1.23 Lecture 23: Filtrations of infinite length, double complexes

Recall the spectral sequence of a filtered complex:
Let (K, D) be filtered by K_1 = K = Ko D K1 D Ky D K3---. We have the short exact sequence as given in

Eq. (1.20]), which gives rise to exact triangles as in Eq. (1.21).
It may happen that K = @- , K" has an infinite filtration. But on each K, one can show that the filtration is finite.

Theorem (Spectral sequence of a filtered complex of infinite length). Let (K = .., K", D) be filtered by
K =Ko D> K; D Ky D ---. Suppose in each degeree n, with K} = K" N K}, the filtration K" = Ky D K{' D K3 D -+ D
K¢ D0 (where £, depends on n and is finite) is finite of length ¢,,. Then the spectral sequence {E;'}72, stabilizes, and
E7 = GH™(K) with filtration F': H"(K) N F,, where {F,} is the induced filtration on H(K), defined in Eq. (L.22).

26



Proof. Let AT {elements of A, of degree n}. Then A} = H™(C) = H™"(D ez Kpt+1) = H (D, ez Kp) = H"(D,<;, Kp)-
We have B

Ar = ... =H"(K_.)) =H"(K)=H"(Ky) ¢~ H"(K,) +— H"(Ky) <— .- ¢~ H"(K;,) < 0
I U . U _ U _ U ’
Ap = . = iH"(Ky) +——— iH"(K;) +——— iH"(K5) <~ iH"(K3) +— ---

the argument is exactly the same as last time, for r > £,,, A" is the direct sum of H"(K_1) = H"(Ky) <= iH"(K;) <
—— ———
=H"(K) =Fp
PPH"(Ky) = -+ ¢ i""H"(K,,) < 0, where we defined the filtration H*(K) = F§ D> F* D --- D> F* D 0, where
~ , —~ n
=F; =

Fr =P H(K,) = H"(K,) N F,.

An e, ogn
But now, there is no exact triangle in degree n %F-.__ v because k raises the degree by 1. (From here the
R J
ETL

T
proof starts to deviate from that for the last lecture.)
But we still have an exact sequence: - - — EP—1 £y gn <y qn Irg o Ky gndt B gndt I Ginee 4 AT <y AR
is an inclusion, then by exactness, imk, = keri = 0, so k,, = 0. So we actually get short exact sequences

0 A" 5 oAm B pr o,

For r > £, we have that the left A} is A} = AL, = @,c; I}y, and the middle A7 is A = AL = ¢, F}', and
the right E is E = @ F)/ @ Fyi1 = Opezly /Fp = EBf)":O F}/F}, = GH"(K), the graded complex w.r.t. the
filtration H"(K)=Fy D F* D -+ D Fp D0.
Let B = E" for r > {,,, then E% = GH"(K).
Definition (The spectral sequence qf a double complex). Assume K?'9 =0 for p < 0 or ¢ < 0 (i.e. first-quadrant
double complex). Let K, = EBizp, qez K9 be a filtration. This defines a spectral sequence of the double complex K.
Recall a filtration from Eq. (1.20)). Because filtration is a sequence of subcomplexes, D: K, — K, takes K41 to
Kpy1, it induces D: @) K, /K1 — €D K,/ Kpy1, which is D: B — B.

Let [b] € B, and suppojsge b€ Ky for sojfne p and n. Then D[b] = (§ + (=1)Pd)[b] = [db + (—1)Pdb] = (—1)P[db] =
(=1)Pd[b], thus D on B is (—1)%, so (c.f. Eq. (L.21))
By = Hp(B) = Hi(P K,/ Kpi1) = Ha(K).

Recall the definition of the connecting homomorphism k: H(B) - H(C): B=@ K,/Kp+1 and C = @ Kp41, for an
element [b] € Hq(K) = E1, we have the zig-zag diagram

Kn+1 SN Kn+1
p

p+1 Db — Db
[p=s+(-1)7d ’ ID=s+(-1yrd (1.23)
Kr — X br—[b] — 0
P Kp

since [b] € Hy(K) = Eq so db =0, so kb = Db = (6 + (—1)Pd)b = db; dyi[b] = jk[b] = j[db] = [6b] = d[b]. Thus, d; on
E, = H(B) = Hy4(K) is §. Therefore

Ey = Hy, (Ey) = Hy(Ey) = HsHy(K).

[Logic is: (i) spectral sequence; (ii) spectral sequence of an exact couple (and its derived couples); (iii) filtered complex
(as an SES of cochains which induces a cohomology LES) giving a cohomology exact couple; ) (iv) double complex as a
filtered complex (filter by row/column). (i) and (ii) are mostly definition. (iii) has an important theorem (or two theorems
— for finite and infinite versions) says the spectral sequence satilizes to the graded cohomology GH™(K), showing the
power of spectral sequence on filtered complexes; (iv) When the filtered couplex is a double complex, ]
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1.24 Lecture 24: Spectral sequence of a double complex

Today we want to define spectral sequence of a double complex, and see what the differentials are.

Recall the spectral sequence of a filtered complex, giving rise to the short exact sequence in Eq. , inducing
acohomology exact triangle as in Eq. , and its spectral sequence.

In generally, the data are

A; D Ay D A3z D -+, where Ay = iA;, A3 = i?Aq,..., and i, = 7|a,, for ap € Ay there must exist some a; € A;
s.t. ag = iap, and we have jalas]e = joliar]1 = [j1(a1)]2 = [ji~'a]z; k is given by k[b] = [Db], as shown in Eq. .
Now, note that [b] on the left means a class of K,/Kp41, and [Db] is a class in Kp41; althrough Db is an exact form in
K,, it is not necessarily exact in K, 11, therefore [Db] not necessarily zero in H(K,41). ky: E, — A, is defined to be
kr[er] = [krfl[e]rfl]%

Now, wecall By = K =@ KP1 =P K,/K,+1 = B.

On Eo, D= D" +§=D"=(~1)°d, E, = Hp(B) = Hy(K).

On £y, di = 6§ so that By = Hy, (El) = H(;(El) = H(;Hd(K).

An element of Es is [[b]4]s, represented by a zig-zag b + ¢ s.t. db = 0, 6b = dc for some ¢, i.e. §b = —D"¢ for some
c€ K, ie. D(b+ c)=dc. This is represented by the diagram below:

)

4>
al
c % S

Shes

Def: a € K lives to E, if it defines an element of E,.. We denote by [a], € E;.

The differential dy: Fy — Es:

Let b € KP'? s.t. [b]y is defined, so that it is represented by b + ¢, as shown above. da[bla = jaka[bla = jalk1[b]1]2 =
Jalk[b]]2 = j2[k[b+ c]]2 = 52[[D(b+ ¢)]]2 = jaldcla = [j1i 7 0c]a = [dc|2 (verify it!); also we need to check that da[b]s = [dc]2
is independent of the choice of c.

Theorem: let K = @ KP? be a 1st quadrant double complex, then [b]o € EY? be represented by zig-zag b + ¢ € K.
Then dy: EP? — EET2971 is given by dy[b]y = [0c].

The differential d3: F3 — E3

Theorem. An element b € K7 lives to Ej5 if and only if Jc1,c2 € K s.t. D(b+c¢; +¢2) =0, i.e. db=0, 6b=—D"¢y,
501 = —D”CQ.

N
di

) ~
Co —> 0Co

&1

Proof. Since b lives to Ej3, [b]2 is defined and da[blo = [0]2, so there exists b+ ¢ s.t. da[b + cla = da[[b + clals =
[[0c)als = [[0]d]s, [0c]s = O[c]a = [6c]q for some ¢, so [6(c — ¢')]a = [0]4; as ¢’ defines the class [¢']q we have d¢’ = 0, so
D"(c— ') = D"¢c = —6b, and we have 6(c — ') = —D" ¢y for some cy. Now, call ¢; := ¢ — ¢/, the theorem is proved.

NOW, commute d3: let b € KP4 that lives to E3. d3[b]3, = j3]{73[b]3 = jg[kg[b]z]g, = ]3[]61[[)]1]3 == j3[k[b+ c1 + C2H3 =
33D+ c1 + 2)]s = jsldcals = [j2%iidcals = [dcals, where we used [b1] = [b] € H(®K,/Kp+1), and the fact that
deg € A3 = iAQ = iiAl = ZZH(O)

Theorem. Let K = @ K9 be a 1st-quadrant double complex. An element b € KP? lives to E, if and only if it can be
represented by a zig-zag b+ci+---+c¢,_1 s.t. D(b+ec1+---+c,_1) = b¢p_1, and d,.[b], = [d¢c,_1]y, dp: BP9 — EPFTa—THL

1.25 Lecture 25: Applications of spectral sequences

Theorem (Spectral sequence for a double complex in the 1st quadrant). For every first-quadrant double complex
K = @ KP4, filtered by p, there is a spectral sequence {FE,,d,}, s.t. Ey = Hy(K), By = HsHy(K), and d,.: EP? —
Eﬁ’*’"vq:*l, s.t. the Spe;ctral sequence converges to Hp(K), i.e. forr >n, E}) = E' | = E!',=---=El = GHp(K),
and @p:O E&n—p = @p:O FP/FP"Fl'

A second spectral sequence: if we filter K = @ K?'? by ¢, we get a second spectral sequence {E!., d..}, s.t. B = Hs(K),
EY = HyHs(K), d.: BP9 — EP—+Latr B = GHp(K).
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Example: Cech-de Rham isomorphism: let 4 be any open cover of a manifold M, KP4 = CP (4, Q%) = [Loo<..<a, 2"(Uag...a,);
the 2nd spectral sequence gives (E})P? = Q4(M)d, 0, (E5)P? = HIH? = HI(M)d,0 = (E4)P? = --- = GHp(K), so
(BL)* = GHE(K) = Hb(K),

Now we apply the 1st spectral sequence: assume 4 is a good cover, then EY'? = Hy = §,—0CP? (4, R), and (E2)P? =
HYH] = Hp(Ll,E)(ZL:U, Ey = By = --- = B, = GHp(K), EL, = H*(U,R) = HE(K). The two spectral sequences
combine to give the Cech-de Rham isomorphism: H*(M) ~ H* (4, R).

Example: Tic-Tac-Toe lemmas (omitted here).

Vector-valued Forms:

HF (4, F), if F =R (i.e. a 4 a good cover), then we have the Cech-de Rham isomorphism. For more general presheaf
there’s no isomoprhism in general, but this suggests the possibility to generalize de Rham cohomology.

Def. A W-valued k-form on a manifold M is a function w that assigns to p € M an alternating k-linear function
ToM x - x T, M — W.

k times
Let €1, ...,e, be a basis for W. Then a W-valued form w can be written uniquelly as w = >, w’e;, where w’ are
ordinary, R-valued forms.
Def. dw =Y";_,(dw")e;. (This definition is independent of the choice of basis e, ..., e,.)
Def. QF(M; W) = {C> W-valued k-forms on M},

5  ker(d: QF (M;W)—=Q TN (M W)
Def. H*(M;W) = tgrar—arwm —or arav) -

W k=0,
0 k>0

Cech-de Rham isomorphism:

For a good cover 4 on a manifold M, and a finite dimensional dimensional vector space W, H¥(M; W) ~ H* (W),
where W is the presheaf of locally constant W-valued functions on 1.

Example: HX(R™; W) = {

1.26 Lecture 26: The Leray spectral sequence of a map

Product structure on a spectral sequence:

Def. Let (K, D) be a differential complex with product —: K™ x K™ — K™% relative to which D is an antiderivation.
Then Hp(K) has a product [a] — [b] := [a U b)].

Proposition: the product — is well-defined. (The proof is identical to that in Lecture 16. We omit here.)

Theorem. Suppose (K = @ KP?, D) has a product — relative to which D is an antiderivation. Then for every r, E,.
has a product induced from E,_; and d,.: E, — E, is an antiderivation relative to the product on E,.

(Thus, if K is filtered by p, in each degree the filtration is finite, so E% = E? for r large, and E°° inherits a product.)

Proof: to be given later.

Leray spectral sequence:

Consider a C* map 7: X — Y between manifolds. Let & = {U, }ae4 be an open cover of Y, then 7714 = {77 1U, }nen
is an open cover of X.The Cech-de Rham cohomology of 714 for X is:

CP(r=14,09) =[] Q97 Way.. o) By generalized Mayer—Vietoris principle, H*(X) = H},(C*(7~14, Q*)).

apg<---<ap

Theorem (Leray spectral sequence). Under the hypotheses above, with C* (714, Q*) filtered by p, there is a spectral
sequence {E,,d,}, converging to H*(X), i.e. B, ~ GH*(X) ~ H*(X), with F¥? = H (4, H?), where HY is the presheaf
onY:HY(U)=HY(r"'U).

Proof: first take vertical differential d to get 1y = Hy, and then take horizontal differential § to get Fo = HsHy:
P = P (440, 09) = [[Q9(x  Vay..a,)s BY? = (Ha)?" = [THw W) = CP(U,HT), and BY? = HYH =
HP (84, H9).

Theorem (F> of Leray spectral sequence). Let 7: E — M be a C* fiber bundle with fiber F. If M is simply
connected and H*(F') is finite dimensional, then teh Leray spectral sequence has EY? = HP(M) ® HI(F).

Proof: to be given later.

Example: Cohomology of CP?. Let (2o, 21, 22) € C3, 2; = xj+y;+/—1. The unit sphere in C3 is |zg|> 4|21 |2+ ]22|> = 1,
or S°. Define an equivalence relation on S® by (zo, 21, 22) ~ (A2, Az1, Az2) for A € St C C* := C\{0}.

Def: CP? := 5%/ ~.

Theorem: 7: S® — CP? is a fiber bundle with fiber S', or written as

Sl 55

|

CP?
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Proof: Fact: CP™ are simply connected for all n. (Can use homotopy LES to prove it). E2® = HP(CP?) @ HO(S') =
HP(CP?) ® R = HP(CP?), Similarly, we have EY? = HO(CP?) @ Hi(S') = R @ H9(S') = H(S') = Ré,_q.1, so EL*
only has nonzero entries at ¢ = 0,1 rows, which has ES"' ~ R = (z), EY° ~ R.

Asd3 =dy=--=0,E3 =FEy = = Ey, = H*(S%). Now the question becomes whether it is the (5,0) or the
(4,1) entry that is nonzero in E,,. Consider that CP? has dimension 4, so we have E%! ~ R. Our goal is to calculate
H*(CP?) that appears on Ey. It’s easy to get H'(CP?) = 0. Then since E5'? = HP(M) ® H4(F), we have E! = 0, so
consider the differential dy, we have H?(CP?) = R = (u), H3(CP?) = 0. So E*! = u ® x, so consider the differential dy
we get B9 = u? (do(zu) = (dex)u + (—1)xdou = u - u + 0 = u?). Therefore we get

H*(CPH)=R-19oR-u®R-u? =Ru]/(u?).

1.27 Lecture 27: U(2), Leray’s method
Def (Unitary group): U(n) = {A € GL(n,C)|A*A = I'}. Two proerties: (a) U(n) x $?"~1 — §27~1 i transitive (i.e. has
only 1 orbit); (b) Fixa point e = (1,0,...,0) € S?"~!, the stabilizer Stab(e;) ~ U(n — 1) (the stabilizer as a matrix has
unity at (0,0) but 0 in other entries of the Oth row and 0th column and other entries form U(n — 1)).

Then, the Orbit-Stabilizer Theorem shows that

Un)/U(n —1) ~ 8?1,

Theorem: If H is a closed subgroup of a Lie group G, then 7: G — G/H is a fiber bundle with fiber H.
So we have a fiber bundle
Un—-1) —— U(n)

|

Sanl
U(l)=8'so H*(U(1)) = H*(S') =R-1® R - z. We have
St —— U?2)
SS
Using the F, page of the Leray spectral sequence, since H*(S%) is finite dimensional and S is simply connected, we
have By = ¢ 1|7 0 0 w0 here all the - - - tries. All the differentials d
ave Fy = g=01 0 0 y 0 where a e are zero entries. e differentials do
|p=0 p=1 p=2 p=3 p=14
are forced to zero. Using By = --- = Eoc = H*(U(2)), we get
R-1 k=0
Rz k=1
Hk(U(Q)) = Ry k=3 :R(‘T’y)/(zzayzaxy+yx) :A(Z'l,{ﬂg),
R-zy k=4
0 otherwise

where R(z,y) is the free algebra generated by x,y, and A(x1,x2) is the exterior algebra defined as follows:
R(zy,...,k)
(mimj—(—1)90871 B g )

Def. Exterior algebra with generators 1, ..., zx is A(z1,...,z) =

The nerve of an open cover:

Let 4l = {U,} be an open cover of a topological space X. To every U, € 4, associate a vertex a. If U, NUg # 0,
connect «, § by an edge. If U, NUzNU,, # 0, then fill in the triangle, and so on. This gives a map 4 — N (), a simplicial
complex.

Example: imagine 4 consists of three disks U,, Ug, and U,, each two interset and the three also interset in a finite
regine. Then the nerve is a triangle with vertices «, 3, ~, edges af, a7, 57, and a face af~.

One can then associate a presheaf: on vertices F(Uy), F(Ug), F(U,), on edges F(Uqng), F(Usy), F(Uar), and on the
face F(Uagy)-

Leray’s method:

Example: Compute H*(S!) using the spectral sequence of KP4 = CP(7~ 14 Q%) = []
verges to H*(S1).

o<y YUT Wag..a0) COD-
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Define the map 7: S* — R by (x,y) — =, choose the three covers: Uy = (=2,—1/2), Uy = (-3/4,3/4), and
Us = (1/2,2). Note that Uy and Us do not intersect. This is illustrated as follows:

St = (z,y)

-2 Uy U, 2

Theorem: The spectral sequence of K = @ K7 applyed to H*(S'), with EY? = H (U, H?) , where H9(U) = H(x~'U).
The nerve is a linear graph:

N(&) = Uy Un U U U
We have
H(Uo) = H(n~'Up) =R
HU(Uh) = H(n~'Uy) = R?
HI(Usy) = HO(x'U) =R
HY(Up) = H (7" 'Up1) = R?
HI(Urg) = HO(n ™ 'U12) = R?
R R* R* R* R
HO:
Uy Upn U U Us
We have
EPY = HyY(K) =[1HY (7 'Uay...ap,)
g=1 0 0 0
Ey= q=0|RoR’®R RZoR? 0
| p=0 p=1 p=2

where the only nonzero map §: E(l)’0 — E11 0 ig (recall that § is the alternating difference — see Lecture 14)
d: (b7 (Cl7 CQ)a d) — ((Cl - ba C2 — b)7 (d - Cl7d - 02))

Then kerd = {(b, (c1,c2)d)|b = ¢; = ¢ = d} = R, so Ey° = kerd = R, and E;° = R2 @ R%/imd = R. We have
Ey = E,, = H*(S%), so we get

n 1y _ R nZO,l
H™(S )_{ 0 otherwise

1.28 Lecture 28: Monodromy

In Leray’s spectral sequence for a map 7: Y — X, EY'? = HP (8, H?), where H? is the presheaf HI(U) = H(x~'U) on
open cover 1 of X.

Simplicial complexes:

Def. A p-simplex spanned by vo, ..., vp in RY in general positions (i.e. v; —vy, ..., Up—7p in RY are linearly independent)
is A= (vg,...,vp) = {0 o thu| 1 t' =1, > 0}.

Def. A face of (vg,...,vp) is a simplex spanned by a subset of {vo, ..., vp}.

Def. A simplicial complex K in R is a collection of simplices in R, s.t. (i) every face of a simplex in K is in K; (ii)
intersection of any two simpliecs is a face of each of them.

The edge groups of a simplicial complex K:

Def. An edge path in K is a sequence of vertices vg, v1, ..., U of vertices in which either v; = v;41 or v;v;41 is an edge.
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Def. An edge loop is an edge path with vy = vg.

Def. The product of two edge paths vg...vx and vg...v; is a concatenation: (vg...vg) - (Vg...v;) = vVg...UkVg...ve. (In order
to achieve this, the end point of first path should equal the snitial point of the second path.)

Equivalence relation on edge paths:

(i) ...vv... ~ ... (i) if (ww) is a 1-simplex, then ...uvu... ~ .. ... (iii) If (uvw) is a two simplex, then ...uvw... ~ ..uw...

Example: (vov1v2v9) - (vov2v1v0) =~ vg.

Def. The edge group FE(K,vg) of a simplicial complex K is the set of equivalence classes of edge loops at vy with
concatination as product, [vg] as identity, and [vgvy...vx_1v0] 7! = [VoVk_1...v100].

Example: the triangle with three vertices and no faces, has E(K,vg) = Z, generated by [vov1v2v0].

Example: the triangle with three vertices and a filled face, has trivial group E(K,vg) = {1}.

The edge group does calculate the fundamental group of the topological space underlying the simplicial complex.

Locally constant and constant presheaves:

Def. A presheaf F on a topological space X is constant with group G if ¥ open set U € X, F(U) = G, and for

U .

V C U € Open(X), the restriction F(U) 2% F(V) is the identity map G “ .

Let 4 be an open cover of X. A presheaf F on U is constant with group G is given by the same definition, but with
U € Open(il) := {nonempty finite intersections of open sets in i1}.

Example: let F(U) = {locally constant function f: U — R} on topological space X. If U = DIID, then F(U) = ROR.
So F is not constant with group R on X.

Suppose i is a good cover of X, i.e. all U € Open(il) are contractible.

Q: Is F constant with group R on 7 A: Yes, it is R.

Def. A presheaf F on a topological space X is locally constant with group G if VU € U(X), F(U) = G and V
V CcUeUX), pY: F(U)=G — F(V) = G is anisomorphism.

Example: locally constant presheaf that is not constant.

7 = F(Uiy2)
U, Us 7= F(h) 7= F(U)
4= N = Z = FUo1) Z = F(Uo2)
Us L = ‘F(UO)

Barycentric subdivision of K: Def. The barycenter of a p-simplex A + (vg...vp) is A= p% P v

Definition (Barycentric subdivision). The barycentric subdivision of a simplicial complex K is the simplicial complex
K’ obtained by K by subdividing each simplex using its barycenter as a new vertex.

Proposition: let 4l be an open cover of topological space X, N () its nerve. then (ug...u,) € N(H)’ < 3 permutation
o € Spt s.t. UU(O) C Ug(l) Cc---C Ug(p).

A presheaf F on an open cover i is an assignment of a group to each vertex of N(Ll)’.

If F is locally constant on &, and if V' C U, then we can define py; := (p¥/)~!. Then a path vgv;...v), in N(U)’ defines

Vo Vi
an isomorphism F(Vp) D, F(W) GAER FVa) == FW)
So an edge loop of N (L)' at Uy defines an automorphism of H(Uy).
Theorem. Equivalent loops define the same automorphism of F(Up). Thus, there is a map E(N(U)",Uy) — Aut(F(Up)).
So if F is locally constant on 4, then this map is called the monodrony of F on Al.

1.29 Lecture 29: When is a locally constant presheaf constant?

Goal: EY? = HP (U, H) = HP(M) ® H(F) for a fiber bundle 7: E — M with fiber F.

X: a topological space; il: an open cover of X; N(4): nerve of {; N (L)’ the bary centric subdivision of N (Lf).

A presheaf F on il is a contravariant functor from Open(il) = {nonempty finite intersection of open sets in 4} with
morphisms the inclusions = N(41)’, to the category of abelian groups.

F is locally constant on 4 with group G if F(Ua,..0n) = G and pijg = isomorphisms.

F is constant with group G on L if F(Uq,...a,) = G and pys = 1.

Theorem. If E(N (W, vg)) = {1}, then every locally constant presheaf on { is isomorphic to a constant presheaf.

Monodrony.
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Lemma: if vg, v1, v2 span a 2-simplex in N(4)’, then plp? = p2.

(use shorthand notation p} = pi}).

(Proof omitted — see youtube.)

So one can prove that pp9pl = 1, and pyp?pd = 1.

Corollary. Going around a 2-simplex in N (41)" always gives 1.

Theorem. Let F be a locally constant presheaf on an open {4 of X. Equivalent edge paths from vy to vy in N (L)
induce the same isomorphism from F(vg) to F(v1).

Proof: only need to check 3 basic equivalences introduced in the last lecture (...vv... ~ ...v... which induces ...pY; p¥ pl¥ ...
and ...pgp‘V/V...; then ..WUVUZ... ~ ..WUZ..., and then on the vertices of a 2-simplex, ..UVW... ~ ..UW...m which
amounts to pgp{/,v and ...pgv..., which are equal by the previous lemma).

Corollary: Equivalent loops at v in N(4)" induce the same automorphism of F(vg).

This gives map ¢: E(N (), v9) — Aut(F(vp)), called the monodrony of F on 4.

Theorem. Let $4 be an open cover of a topological space X. If N (L)’ is path connected and E(N (L)', vo) = {1}, then
every locally constant presheaf F with group G on U is isomorphic to the constant presheaf with group G, denoted as G.

(Proof — see lecture video.)

Theorem: For X path connected, 7 (X, z) ~ E(N(),v9) = E(N()',v9). (see the book, p148)

Now, apply the theorem to E%?:

Let 7: E — M be a C* fiber bundle with fiber F. Let H4(U) = HY(n~'U), a presheaf on M.

Proposition: HY is locally constant on a good cover 4 of M.

(Assume M is simply connected, then E(N (L), v9) = {1}, so HY? is the constant presheaf with group HI(U) =
Hi(n 1U) = HI(U x F) = HI(F), U € N(4)' is diffeomorphic to R". So H? ~ H1(F) =R @ --- ® R (assuming H?(F)
finite dimensional).

Now, B} = HWU,HY) = HUR® - &R) = HUR)® - & HWU,R) ~ HP(M) & --- ® HP(M) = H?(m) ® (R &
- @®R) = HP(M)® H1(F), under two hypothesis: (1) M is simply connected and (2) H*(F) is finite dimensional.

33



	Differential Forms in Algebraic Topology
	Lecture 1: De Rham Complex on Rn
	Lecture 2: Compact supports, manifolds
	Lecture 3: Diffeomorphism invariance, exat sequences
	Lecture 4: Zig-Zag Lemma, Mayer–Vietoris Sequence
	Lecture 5: Homotopy invariance
	Lecture 6: Proof of Homotopy Axiom
	Lecture 7: Cohomology with compact support of Rn.
	Lecture 8: Mayer–Vietoris with compact support; Finite dimensionality
	Lecture 9: Open Möbius Strip, Finite dimensionality, Pairings
	Lecture 10: Poincaré Duality
	Lecture 11: Künneth Formula; Leray–Hirsch Theorem
	Lecture 12: Cohomology with Compact Vertical support
	Lecture 13: The Thom Isomorphism
	Lecture 14: The generalized Mayer–Vietoris sequence
	Lecture 15: Čech-de Rham Isomorphism
	Lecture 16: Product Structures, Presheaves
	Lecture 17: Čech cohomology of a topological space
	Lecture 18: Čech cohomology of a topological space
	Lecture 19: Cohomology of a double complex
	Lecture 20: The Thom isomorphism revisited
	Lecture 21: Spectral sequence of a filtered complex
	Lecture 22: Spectral sequence of a filtered complex of finite length
	Lecture 23: Filtrations of infinite length, double complexes
	Lecture 24: Spectral sequence of a double complex
	Lecture 25: Applications of spectral sequences
	Lecture 26: The Leray spectral sequence of a map
	Lecture 27: U(2), Leray's method
	Lecture 28: Monodromy
	Lecture 29: When is a locally constant presheaf constant?


